Foundations of Computer Science
Lecture 20

Expected Value of a Sum

Linearity of Expectation
Iterated Expectation
Build-Up Expectation
Sum of Indicators

scottadams Daclcom

| pessrs |
' ,,,,,,,,

]
g
i
H
5
g
2
i
i

www.dilbert.com

Today: Expected Value of a Sum

@ Expected value of a sum.
@ Sum of dice.
@ Binomial.
@ Waiting time.
@ Coupon collecting.

© Iterated expectation.
© Build-up expectation.
@ Expected value of a product.

© Sum of indicators.

Last Time

@ Sample average and expected value.

© Definition of Mathematical expectation.

@ Examples: Sum of dice; Bernoulli; Uniform; Binomial; waiting time;

@ Conditional expectation.

@ Law of Total Expectation.

Expected Value of a Sum

You expect to win twice as much from two lottery tickets as from one.

[The expected value of a sum is a sum of the expected values.]

Theorem (Linearity of Expectation). Let X,,X,, ..., X, be random variables and
let Z = a, X, + ay X5 + - - - + @, X, be a linear combination of the X;. Then,
EZ] = ElaX, +aXo+ -+ X = e E[X|]+aE X))+ +a E[Xy].

Proof. E[Z] = %ﬂ(alxl(w) + asXo(w) + -+ + aka(w)) - P(w)
= gQXl(w) - P(w) + aQE)QXz(w) “Pw)+ - +ag %QXk(w) - P(w)
= alE[X1]+a2E[X2}+“'+akE[Xk]‘ ]

© Summation can be taken inside or pulled outside an expectation.
© Constants can be taken inside or pulled outside an expectation.




Sum of Dice

Let X be the sum of 4 fair dice, what is E[X]?

sum [ 4 5 6 7 .- 24
= EX]=4X g5 X gt

MUCH faster to observe that X is a sum,
X =X, + X, + X, + X,
where X is the value rolled by die 7 and
E[X,] = 3}.

Linearity of expectation:

EX] = EX, +X,+ X;+ X/ EX)] + EX,] + EX;] + E[X,]

31 34 3% 33

= 4x3l = 14

<in general n x 3%

Exercise. Compute the full PDF for the sum of 4 dice and expected value from the PDF.

Expected Waiting Time to n Successes

X is the waiting time for n successes with success probability p.

X

wait to 1st + wait from Ist to 2nd + wait from 2nd to 3rd + - -+ + wait from (n — 1)th to nth
Xy X X X,

= X1+X2+X3++X"

Each X is a waiting time to one success, so

E[X] =

Linearity of expectation:

EX] = EX;+Xp+ -+ X,]
EX,] + E[X,] +---+ E[X,]

1/p 1/p 1/p

= n/p.

Example. If you are waiting for 3 boys, you have to wait 3-times as long as for 1 boy.

Exercise. Compute the expected square of the waiting time.

Expected Number of Successes in n Coin Tosses

X is the number of successes in n trials with success probability p per trial,
X=X;+--+X,

Each X, is a Bernoulli and
E[Xi] =P

Linearity of expectation,

EX] = EX, + X, + -+ X,]
= E[Xy] + E[X,] +---+ E[X,]
P P P
= nXxp.

Coupon Collecting: Collecting the Flags

A pack of gum comes with a flag (169 countries). X is the number of gum-purchases to get all the flags.

X = wait to 1st + wait from Ist to 2nd + wait from 2nd to 3rd + * + - + wait from (n — 1)th to nth
X, X1 Xy Xy
t T T
p=2 =" pa="2 =1l
=X+ Xy + X5+ -+ X,,.
E[X| = 1/p;
E[Xl] = %7 E[XZ] = ﬁv E[Xﬂ = #7 st E[Xn] = nf(zfl)'

Linearity of expectation:

]E[X] — n(% + ﬁ+ an2+ o4 1) =nH, ~ n(lnn+0577)

1

n = 169 — you expect to buy about 965 packs of gum. Lots of chewing!

Example. Cereal box contains 1-of-5 cartoon characters. Collect all to get $2 rebate.
Expect to buy about 12 cereal boxes. If a cereal box costs $5, that’s a whopping 3%% discount.




[terated Expectation

Experiment. Roll a die and let X, be the value. Now, roll a second
die X; times and let X, be the sum of these X; rolls of the second die.

An example outcome is (4;2,1,2,6) with X, =4 and X, = 11:

E[Xg | Xl] = X1 X 3%

The RHS is a function of X,, a random variable. Compute its expectation.

B[X,] = Ex,[E[X, | X,]]
= E[X,] x 3L

=3l x3l=12..

(another version of total expectation)

Exercise. Justify this computation using total expectation with 6 cases:
E[Xy] = E[X; | X; =1]-PX; = 1]+ E[X; | X; =2] - PX; = 2] +--- + E[X | X; = 6] - P[X; = 6].

Expected Value of a Product

X is a single die roll:

EX?=1-1241.2241.324+1. 4241574 1.6° =2 = 151,

EX’] =E[X x X] = (3%)2 =121
X, and X, are independent die rolls:
G 12 18 24 30 36
<@ 5 1015 2 2 3
EX, X, = §(1+2+~~+6+2—1+‘»-+12+3+6+-~+18+v~+6+12+~-+36) S@ 4 s 2w w2
2@ 3.6 9 121518
S@2 4 6 8 1012
141 1
:¥=12:1. Ot 23 45¢
OO0
Die 1 Value

E[X,X,] = E[X,] x E[X,] = (312 = 12L./

2

Expected value of a product XY.
@ In general, the expected product is not a product of expectations.
@ For independent random variables , it is: EXY] = E[X] x E[Y].

Build-Up Expectation: Waiting for 2 Boys and 6 Girls

W (k, £) = E[waiting time to k boys and ¢ girls].

The first child is either a boy or girl, so by total expectation, o
E[X] = 12.156
W(k,l) = E[waiting time | boy] x P[boy] 4+ E[waiting time | girl] x P[girl] 01
el i = il M bl g Ml s = Ml I < s bl e .
1+ (k—1,6) Iz LW (k,0-1) 1=p <
0.05
= 1+pW(k-1,0)+(1—-pW(k,(—1).
Base cases: W(k,0) = k/p and W(0,¢) = /(1 —p) i k‘{,ﬂmng‘ﬁmem »
l
Wk, 0) 0 1 2 3 4 5 6 7
0 0 2 4 6 8 10 12 14
llxp
1 2———3 45 625 813 1006 12.03  14.02
k
2 4 4.5 5.5 6.88 8.5 10.28 12160  14.09

Sum of Indicators: Successes in a Random Assignment

X is the number of correct hats when 4 hats randomly land on 4 heads.

hats: QAQ Q/\; g/\g g/*\;
men: [©) [©) ® [©)
X,=0 Xo=1 Xy=1 X,=0

X:X1+X2+X3+X4:2

X, are Bernoulli with P[X; = 1] = 1. Linearity of expectation:

E[X] = EX|J+EX,)+EXJ+EX,] = 1 +141

Exercise. What about if there are n people?
Interesting Example (see text). Apply sum of indicators to breaking of records.
Instructive Exercise. Compute the PDF of X and the expectation from the PDF.




