
Foundations of Computer Science— CSCI 2200
Exam 2 - Sample Questions

Question 3 (12 points). Prove by mathematical induction that, for all positive integers n,

n∑
j=1

j2j < n2n+1.



Question 4 (12 points). Consider the sequence:
a1 = 1
a2 = 5
an = 5an−1 − 6an−2 for n ≥ 3
Give a proof by strong induction that an = 3n − 2n for all positive integers n.
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Question 5 (17 = 2+5+10 points). Recall the recursive definition of a full binary tree:
Basis step: A single vertex r is a full binary tree.
Recursive step: If T1 and T2 are disjoint full binary trees, then there is a full binary tree T = T1◦T2 consisting
of a root node r, with edges connecting to the roots of T1 and T2.

(a) Give the recursive definition of the height H(T ) of a full binary tree.

(b) An internal node of a full binary tree is any node that is not a leaf node. Give a recursive definition of the
number of internal nodes I(T ) in a full binary tree T .

(c) Prove that for any full binary tree T , I(T ) ≤ 2H(T ) − 1.
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Question 8 (18=4+6+8 points). For each of the following, you only need to provide your answer. You do
not need to show your work. You do not need to simplify your answers.
(The Supreme Court has 9 justices, 6 men and 3 women.)

(a) A photographer is lining up the justices of the Supreme Court for a photograph. The justices will be ar-
ranged in two rows, five justices in the back row and four justices in the front row. How many different ways
can the justices be arranged?

(b) Suppose the photographer picks an arrangement uniformly at random from the set of arrangements described
in (a). What is the probability that all three women justices are in the same row?

(c) Suppose the photographer picks an arrangement uniformly at random from the set of arrangements described
in (a). What is the probability that all three women justices are in the same row, given that Justice Ruth Bader
Ginsberg (a woman) is in the front row?
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Question 9 (10=5+5 points). Suppose the Supreme Court justices are appearing in a panel in EMPAC.
Everyone who goes to see the panel must pass through a security checkpoint, where he or she must go through
a metal detector. There are three metal detectors: A, B, and C.

(a) How many people must pass through the security checkpoint to guarantee that at least one metal detector
screens at least 5 people?

(b) Suppose there is an infinite line of attendees. As an attendee arrives at the security checkpoint, he or she
is sent to one of the three metal detectors with uniform probability. What is the expected number of attendees
that pass through the security checkpoint until the first person passes through metal detector A (including the
person who passes through detector A)?
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