
Theory of Networked Systems

Homework 1 (100 points)
Due Thursday, Sep. 11, 2014 12:00 pm, in class

1. From E1.1 in Lecture Notes (20 points)
Using your favorite software, simulate the linear averaging algorithm in Equation (1.1) in the lecture
notes on: (i) a ring graph, (ii) a star graph with node 1 as the center, (iii) a complete graph. Set n = 4
and set the initial state to (1,−1, 1,−1). Turn in your code, a few printouts of the state evolution of
your algorithm, and your responses to the questions below.

(a) For each graph, what value do the nodes converge to? Is it equal to the average of the initial
values?

(b) What properties of the graph determine whether the nodes converge to consensus at the average?

2. From E2.10 in Lecture Notes (40 points)
Consider n ≥ 3 robots labeled {1, 2, . . . , n} arranged on the real line. Let pi(`) be the position of robot
i at time `. Assume that the robots are indexed according to their initial positions: p1(0) ≤ p2(0) ≤
· · · ≤ pn(0). The robots move in discrete time.

Consider the following dynamics (algorithms):

(i) Move towards the centroid of your neighbors: The robots i ∈ {2, . . . , n − 1} (each having
two neighbors) move to the centroid of the local subset {pi−1, pi, pi+1}:

pi(` + 1) =
1

3
(pi−1(`) + pi(`) + pi+1(`)), i ∈ {2, . . . , n− 1}.

The robots {1, n} (each having one neighbor) move to the centroid of the local subsets {p1, p2}
and {pn−1, pn}, respectively:

p1(` + 1) =
1

2
(p1(`) + p2(`)) and pn(` + 1) =

1

2
(pn−1(`) + pn(`)).

By using these coordination laws, the robots asymptotically rendezvous (converge so that they
all share the same location).

(ii) Move towards the centroid of your neighbors or your walls: Consider two walls at positions
p0(0) ≤ p1(0) and pn+1(0) ≥ pn(0) so that the robots are all contained between the walls.
The walls are stationary, that is p0(`) = p0(0) and pn+1(`) = pn+1(0) for ` ≥ 0. Again, the
robots i ∈ {2, . . . , n − 1} (each having two neighbors) move to the centroid of the local subset
{pi−1, pi, pi+1}. The robots {1, n} (each having one robotic neighbor and one wall) move to the
centroid of the local subsets {p0, p1, p2} and {pn−1, pn, pn+1}, respectively: So, the closed-loop
robot dynamics are:

pi(` + 1) =
1

3
(pi−1(`) + pi(`) + pi+1(`)), i ∈ {1, . . . n}.

By these coordination laws, the robots become uniformly spaced on the interval [p0(0), pn+1(0)].

For n = 3:

(a) For each dynamics, give the discrete-time linear system (showing the entries of the matrix).

(b) For each dynamics, prove that the desired geometric configuration (rendezvous or uniform spacing)
is an equilibrium.

(c) For dynamics (i) only, prove that the system converges to the desired geometric configuration.



3. From E3.1 in Lecture Notes: (15 points)
Let G be an acyclic digraph with n nodes. Prove that:

(a) G contains at least one sink.

(b) G contains at least one source.

4. From E4.1 in Lecture Notes: (10 points)
Let A be the binary adjacency matrix for an undirected graph G without self-loops. Show that
trace(A2) = 2|E|, where |E| is the number of edges in G.

5. From E4.3 in Lecture Notes (15 points) Prove that if the matrices A1, A2, . . . Ak, k > 1 are row-
stochastic, then their product A1 ·A2 · · ·Ak is row-stochastic.


