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1. Identify the smallest n for the classes of graphs defined below, such that there exists
two non-isomorphic graphs G,G′ within that class and |V (G)| = |V (G′)| = n. Prove
or otherwise justify your response.

(a) Simple graphs.

(b) Non-loopy multigraphs.

(c) Loopy multigraphs.

2. Consider a list of edges W = {e1, e2, . . . , ek} defining a closed walk on simple graph
G. If this walk contains no cycle graph Cn as an induced subgraph of the walk’s
vertex set, show that for some i < k : ei = ei+1.

3. Prove the following equivalence: connected digraph D has a closed directed trail
containing all e ∈ E(D) if and only if ∀v ∈ V (D) : d+(v) = d−(v).

4. Consider some connected G and some v ∈ V (G) : G− v is disconnected. Prove that
Ḡ− v is connected.

5. Prove the following about bipartite graphs:

(a) G is bipartite iff for all subgraphs H ⊆ G, H has an independent set S where

|S| ≥ |V (H)|
2

. (v1.1: |S| ≥ V (H)| → |S| ≥ |V (H)|
2

)

(b) Using strong induction on |E(G)|: show that if G has no odd cycles then G is
bipartite.

6. Consider connected graph G where |V (G)| > |E(G)| and the following extremal
problem: Prove or disprove that maximum length paths P1, P2 ⊆ G must have at
least some common vertex v ∈ P1, P2.

7. Assume a simple undirected and connected graph G can be realized by the below
graphic sequence. Does G have a cut edge? Prove or otherwise justify your response.
Hint: please don’t attempt to draw a realization.
S = {8, 8, 6, 6, 4, 6, 4, 2, 4, 2, 4, 6, 8, 10, 10, 10, 8, 4, 2, 8, 4, 6, 2, 2, 2, 2, 8, 2, 2, 2}

8. We have a weakly connected loopless directed graph D with ∀v ∈ V (D) : d+(v) = 1
and n = |V (D)| ≥ 2. Answer the following in terms of n, prove or otherwise justify
your responses:

(a) What are the maximum and minimum number of cycles that D can have in
terms of n?
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(b) What is the maximum number of cycles if D isn’t weakly connected?

(c) What is the maximum number of cycles if D is neither weakly connected nor
loopless?
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