Le’cture 178 - Planarity
P | o &P‘,.\.:S o Dronv Lks

G-Po-P\« &Powl\’_\sl X w~appPing ot vVertices
o~ edges Yo Pomts on Yle

vsl.w\.e, MA cveves \OL“weev\

Lhose Po.\«\:_s

o ?QM*'S, e, \)c“**‘C.e_g

€ Y cow be drown without

oA e'&jc' C,Passt\:a.'s

[ \

o~ WwYerseckton

cucves



\/ vl ves -
P et

.SV <L~ M
C,OUP\C' wovr e d,¢,€s\«s'\-\MS-

P(Ma'vt" cm\oe&.&\m‘ O~ sPe_c..‘FCc JJ‘MW\J

0{' Sonae sl‘o?k w/rxo c,Ase. cNSS\\«qJ

.Fg._,c,e. " O= am~arxmeal arecal W S Ame

ew\s chJu\n -Culla ewnc losel
‘°:§ C—A\ﬁc. Ve ves

ovter face: He external o

— vnbounded Cace of
Sorm~c C—M\oc&&\\«s

( —~»OVY¥er face

/\)o‘\'C“ K‘_, TS P\M\.a-t\

Q: Cor we draw K, st al

~ >



u: Cor we Araw K\.. s.& al)
LVer¥yices ore a~ e ovter G&ce?.

OU‘\'cPP\Md‘i":o— groph wWiTh soame

¢w~\>c.J~o\tv3 where oo\l vertitees

ore on the ovlter Gce

T\\(\A\n. about -

— =

whkatY Roes K, bg,s\/\J

ot o-u\-e.rp‘.owsor VA S eran

for K 7

—_— e v\e.c& ONe nore vertex ad

Y <J~3¢ Cuvrves to A omu Ks




=7 KS S not P\.M“—f\

-

Cross “"-S’ e sk
‘,o:\-

o.vf‘

& K, P
/ Kz,s o
—

K‘.-s i> wnot

ocvterplo~or

=7 I‘<3,3 s also
V\-OV\PLM.‘-

Spe_c\‘A\ Su\o_grovp\'\s’ Kq, KS, Kz.a 5 K3,3
(nore laken)
O thee e xom ples:
Cn: plomor o—d ovterplo-or

K3: also PLovvo-f‘ o~ ou\'erPLou-'W‘



P.,’ Do-n e

KV\?-S : now P\ov-\o'(‘

Trce.s : Plcw\am '% o-\J‘\"QC‘Plouu.-‘\

Qua—\ ﬂro-p\n G“ o€ Soame C,M\ceAA\VS

0'(: p(,au»w G— > o Sravpk ukosg
vec¥ices ore the fces ofF &
o C.Aac.s ore Ae.:(ﬂ\«et& between

"'\‘\t ‘FG—CQS o G Heat slhore

G PR E

NO"&: G C*‘-P%J*s M O. SPCC-\\"(\Q

O\MBQJ\A\V\S O'G G_
> -«



gR),) o=
Gy ¥ G

r\ 7
Pe-c.‘(-" “\"'\"Q&A‘\‘QS
ot G

39
X ,J\orc on fo-ces

G has 2 faces

o G

‘F&Cc s ¢boo.\ o e
U\Mb&.l‘ dac.s OA O

/Q(S‘l) 3 Aol walle -(;vl\:s
(5D =5 ‘owwcks\AQ He foce

|¢.waw

AJoter e o\ e,&ag, co~te butes



AN ote: ecoc\n edge co~dributres

2 +.° Hsc. S VA~ O{‘ g O lwaﬂ_s
O‘E ‘G\ms ‘G‘“ Sowmwwe G‘ C,M\QC—M\'\A

3
2 R(5)=2E(®)|

Proof 9 Bosaness

. < t'e
g .'i"',

plomer G bipartite &> all foces o an

cws‘ocAA“: ore even
\V'N ‘%Hﬁ

> X > Elleramnm
G S &;:Por'\:'\'e.‘-‘) ol Cas.cgs => even

/Note: all possikle closed coolw s

ov e evewv,

— -ches debaed ‘03 closed wall
lema s

=7 all 'F&.cgs even



Loces = even => G o k:‘ow-\-t’re

Co-h-Ss‘Ac(“ Son~e Q-ac,\e AV Y.
Ce “"'N*Nl‘l k-‘r*\'?‘\'e wlwe C-dc.\cb

e he)«‘l\\»\os ot G

— o\l o G S eiter M "‘err\m\ o
C)d-err\a\ ‘('o ﬂw\\' C.QQ\Q

Cons ?Ae c e Wwreen s\
pec tron ot &

xet X\
t‘é > S —=all foces cven
G“ ZL(S$;) = even
2€Gy,

NO""C reach aaber wa-\ ¢o.~3c S
CWV\"'cé\ ‘\‘w\‘cg

counted owce

?9’ V@ =2 ‘\'\\e. c%c.\c. C wusk

Mo be cven

=2 Hs asp‘:o\\‘cs 4o oy Ce&



- XLs asp‘a\\‘cs +o a,.% Ce&

=2 G 3 bipetite O

ol Loces cuenE > G'* s Euvlecion

(=2) ANotre trat the cicare,cs ot uvertices
W G¥ 2 oo fonchtaun o e
\ws\'\\ ot He oce '\’L;Q rc@rese.v\\*
M s c.mLe.AJL\wj

—> )] vectees G* N euen
OLeGl‘ec
—2 oova\ G"* w vl a\\wﬂs
ke connected

=7 SO G_K- > Evlet vam

(C;) Sorme kosie logiTac, oos G+
M Eouleria~ araph, H mplies

L en akcebc.es M Gl \\AP\;‘cs
cven Lace lwﬁ'\-\«s A GSW\QAA\D (>

—



Evler’s formolo
Cfor a.c;f;:-:; e»-\“-é"s"“ﬂ)

r\’-e,&g:Z_

7 r 1
v (@] IE(ED)  #Fok foces
G5 emloeddiney

Lo e’ll Prwc +\ s us\ws e

C on~sider v PCR) Co-de

— Here ex3ts some edge ot



—» there exists so~e c_clﬂe Hay
™St o self oo

—2 conYIcoct H-aXh c_o\%e. c
/Note: c&ae Cotroctron waar't walee

o~ plovor g Foph nowploaor

C : *
w-e'xS'=Z

~

7= Ve
gr\\oxs Yon boce ™= PC~D

n=nrn +1

e:e')fi O—OQ—’Q
§=7F
O—é &~ O
n'-e’+s8" =2




- QEep

Le‘}"s Pu+ -E'F o vsSe

Cevlec's For mo\m)

I(— G‘ 1S O~ Scw‘.\\-e- CMV\&Q—'\'CA
plorer qrephh with V()23

=> esc3n~n-6

G & swple — L2(s:)123
Fro~ ove koce som {ornvla
Le= EL($) =26
le 2 3+
—_

C onstder N-et+S5=2
= ~+5-2)-3

3c=3~r+r35 -6

3(_ < ’$v\+Ze.-—6
-2e -lc



=39

T s S o VPpper Rournd o {E (@)
W Y respect to V(&) He

O~ s ple areph +» bhe p(cu-op

WKW aX I"f' G ‘)f‘iamﬂalg Grga
L(Ss3)=Y4
P\os 12y cW\ US

Lc,c—-oz‘;\—'—ij
/\}ojrc‘ M

T\’\CSC Co./\A: +\\OI\$ or &

Necessary ot /\/@ T_

/

\Loue
\-.,eks r
%\_es,_ condiFans "t & G has Hese

c“és?‘\'msl Hen 1—» not the

(¥ s s P(,wop Co5¢ herc



[e¥s qetr EXXXATREEEMEE

V\N%x\\l\m\ P\awﬂ(' G'- %M\V\s “ﬁ gé*%ﬁ. *‘O
P(otvor' G will nwalee ¢}

W“‘“"‘“" '\OV\WG: dC\L“-Ms cluvi ga.ae

Lo r\wplq,..» & i)

— K 5 nmn=al
KGV\.P\,“OP

’\'ri‘owsv\od-r?; & plom o bm\“‘;\é‘m&

oo herce ol Caces are ‘f—"‘q*‘«3

[Mosxz e\ Plauvor‘ &= hmaula\ﬁ‘iﬁ

7

Anore bound s olove




Also note? o c.olat. C o~ \-vm‘vto.l\j
be &Pwh o e '(:w O'G

(ws‘l‘\'\ aX (cash 4 e UL vt
CJ‘O}S\\I\Q

K"l 3 o. '\'\‘\‘wsu\a\‘s\mﬂ

=7 v 6—)<\\-¢~NJ
PLWM

Checnrically)
/U ex?X: Kuro\)f‘ows‘&'\ )s

T\«eo(‘e,vh



