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ABSTRACT

The primary subject of this thesis is the notion of an urn model and their applications

to complex systems. It is demonstrated that several models of social, physical, and

biological science are special cases of a large class of urn models that are then exactly

solved. These models prescribe 2 or more urns with N balls distributed among them.

Two balls are then drawn randomly and then redistributed among these urns. This

redistribution is also stochastic, with distributions only depending on which urns

the balls came from and the order in which they were drawn.

Examples of such an urn model date back to the Ehrenfest “dog-flea” model

of molecular diffusion, created in 1907. In this model, one ball is chosen randomly

to move to the opposite urn. The model was invented to describe the diffusion

of particles within a closed container. This model was later diagonalized by Mark

Kac in 1947 by using an innovative generating function method to calculate all

eigenvalues and eigenvectors of the Markov transition matrix. We not only improve

upon this method, but the models that we solve have a wider range of applications.

In addition to the physical application of the Ehrenfest model, we have related such

models to social interactions on networks, as well as genetic drift.

We improve upon the generating function method of Kac significantly to han-

dle the more complex features of such urn models. The method of Kac reduces the

eigenvalue problem to an ordinary differential equation that is solved exactly. Since

our urn models draw two balls instead of one ball in the Ehrenfest model, we solve

a partial differential equation instead. Interestingly, the method of solution given in

this thesis easily solves the Ehrenfest model, where the original generating function

method of Kac does not solve the general urn models easily.

Through the process of diagonalization, we have uncovered solutions that

would otherwise be untenable by other methods. For instance, dynamics for small

N , higher moments of consensus time, and the long time behavior of these urn

models can be easily determined by these methods. Furthermore, an exact solution

for all future probability distributions of some popular urn models had not been

x



found prior to the results given in this thesis. Due to the breadth of models that

can be studied in this manner, this thesis represents a significant step forward in

the subject of complex systems theory.
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CHAPTER 1

Introduction

In this chapter, we discuss the basic premise of the thesis, its organization, and the

applications of the models and the analysis.

1.1 Urn Models

In this section, we describe the various models that we study in this thesis.

These urn models are stochastic systems that have N balls distributed among two

or more urns. The urns are labeled (e.g. A and B), and can correspond to opinions,

energy levels, alleles in an ecosystem, etc. The balls in the system can represent

individual people, particles, organisms, etc. As time evolves, these individuals can

change urns as balls are drawn and moved. Socially, this corresponds to people

changing their opinions. Biologically, this represents a child that may have a different

genetic structure than the parent it replaced.

While the stochastic properties of the models may change significantly, there

are two things that are always consistent. The first property of these models is

that N is conserved. That is, we assume that no balls are added or removed from

the system. The second property is that each time step begins with two random

balls being drawn from the urns. These balls are then redistributed among the urns

stochastically, depending on which urns the balls came from and the order they were

drawn.

1.2 Applications of Urn Models

Here we list some salient models that can be cast in the above urn framework.

We discuss these models and their solution in more detail in the following chapters.

Portions of this chapter previously appeared as: W. Pickering, B. K. Szymanski, and C. Lim,

“Analysis of the high dimensional naming game with committed minorities,” Phys. Rev. E, vol.

93, no. 5, p. 052311, May 2016.

1
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1.2.1 The Voter Model

The voter model has become an archetype for social influence in the literature

[1–5]. The model is stated in a general network setting with N nodes. Each node

also has one of two possible states (A or B). In a single discrete time step, one

node is chosen randomly. This node then adopts the state of one of its neighbors,

also chosen randomly. This process continues until every node has the same state.

If the nodes have unanimous agreement in their state, we say that the system is in

consensus.

A particularly interesting case of the network is the “mean-field” case: every

node is connected to every other node. The random effects of the degree distribution

and network process is averaged out in this case. This is the case in which the

network is said to be the complete graph. As it happens, if the network is not

the complete graph, the model may have similar features as the complete graph

counterpart. For example, in chapters 2 and 5, we compare the voter model on the

complete graph with the same model imposed on Erdős-Rényi random graphs [6].

We find that the solutions for the moments of consensus time and the number of

states as a function of time (in the case where there are M states) are similar despite

the network topology.

Such a model on the complete graph can be rewritten as an equivalent urn

model for the macrostate of the system. In this new formulation, there are two

urns, call them A and B. Two balls are drawn randomly from these urns, and then

both of them are placed in urn that the second ball was drawn from. These models

are equivalent in the sense that the probability distribution for the macrostates are

equal to each other. That is, if nA(m) is the number of balls in urn A at time

m, then this random variable has the same distribution as if nA(m) were the total

number of nodes with state A on the complete graph. By recasting the model into

an urn setting, we relate it to a special case of a general framework of urn models

that can be solved by the generating function method we propose in this thesis.
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1.2.2 The Naming Game

Another simple model of social influence is the naming game [7–14]. This

model assumes that there are K opinions in the system, but an individual can

adopt multiple opinions simultaneously. The opinions that an individual adopt is

called its “word list”. By assuming this, each individual may adopt one of 2K − 1

possible states. The naming game model is defined as follows. In a single time step,

choose one node in the network to be the speaker and another adjacent node to

be the listener. The speaker chooses one opinion from its word list to send to the

listener. The listener then changes its state according to the following rules:

1. If the spoken word is not in the listener’s word list, it is added to the list.

2. If the spoken word is in the listener’s word list, then the listener discards all

words from its list except the spoken word. [8]

Again, this process continues until every individual adopts the same opinion.

This model becomes very complex for large K. For fixed K, it is possible to express

the macrostates of the system in terms of a large system of ordinary differential

equations that described the mean population fraction for each word list [12]. How-

ever, as K becomes large, such as K = O(N), this method fails. By treating the

naming game as an urn model and solving it by the generating function method,

we circumvent the exponential complexity of the differential equations and solve the

problem for large K. This is possible because of the symmetries that are inherent

in the naming game interactions.

In the naming game, we also want to consider the effect of committed minori-

ties. These are individuals who never change their opinion regardless of the messages

that they hear. We are interested in the influence of a small committed group of

individuals on a majority population. In particular, we examine the number of

zealots that it takes in order for the minority opinion to take over. As we show in

chapter 6, there is a strong correlation between this critical fraction of zealots and

the Shannon entropy of the social system.

We aim to establish that the naming game model can also account for dy-

namics of opinion spread in extreme initial conditions. Our motivating historical
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precedents are the dynamics of post-revolution opinion struggle. Often before rev-

olution happens, the government identifies and suppresses the leading opposition

minorities which are on the verge of achieving tipping fraction of support (e.g.,

Islamists before Iranian revolution of 1979 or Muslim Brothers before Egyptian rev-

olution of 2011), so the revolution is conducted by a motley of opposition movements

with different ideologies united only by opposition to the government. After the rev-

olution, they remove suppression of such minorities allowing them to quickly win

the majority of the population in agreement with the naming game model. However

the case of the Russian revolution of February 1917 was different. The revolt was

spontaneous, disorganized, and not led by any dominant minority exceeding tipping

point fraction of the population as in the previous examples. Yet, in the midst of

the disorder and dissent, a small Bolshevik party grasped the power and support

of uncommitted individuals by November 1917, because their leader Lenin correctly

diagnosed that the power laid on the streets. Here we study the case resembling

such situations in the context of naming game, so there are committed minorities of

multiple opinions. In [12], authors show that in such a case, a stalemate of opinion

can more easily occur, in which no decision is reached. In contrast, we identify

the new set of conditions for this case under which the loss of stability of a social

system occurs. Under these conditions, instead of stagnation with no decision, a

rapid change occurs in which a small minority quickly spreads their opinion to the

uncommitted subpopulation. In addition, we show that in the presence of commit-

ted minorities, as opinion diversity of the uncommitted subpopulation increases, the

size of the committed minority needed to the turn the uncommitted to the minority

opinion decreases. In extreme cases, this critical committed minority is invariant

of the system size. This suggests that too much dissent between individuals makes

them susceptible to even a few zealots.

1.3 Motivation of the Solution

In every urn model that we consider, the system can be expressed as a Markov

chain. For any Markov chain, there exists a transition matrix that describes the

probability of moving from one state to another. The states in the Markov chain
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are the macrostates of the urn model, which are the total number of balls in each

urn. The transition matrix describes how the probability distribution changes over

time.

Generally speaking, let a(m) be the probability distribution of the macrostates.

If T is the Markov transition matrix given by the model, then the probability dis-

tribution at the next time step is given by

a(m+1) = Ta(m) (1.1)

If we were to diagonalize T, we could calculate a(m) very easily. Specifically, let

T = SΛS−1 denote the diagonalization of T. Therefore,

a(m) = SΛmS−1a(0). (1.2)

So if we had access to the spectral decomposition of the transition matrix, then all

future probability distributions would be known in closed form. Given this, the evo-

lution of the model would be known in great detail, and exact solutions easily follow

from these distributions. This motivates us to find all eigenvalues and eigenvectors

of the transition matrix. To solve this, we rewrite the the eigenvalue problem as

a partial differential equation for a generating function G(x, y) for the eigenvector

components and solve for eigenvalues λ and G. This method of diagonalization

represents the key principle of this thesis – the properties of which are explored in

detail in subsequent chapters.



CHAPTER 2

Exact Spectral Solution of the 2-State Voter Model on the

Complete Graph

In this chapter, we will describe in detail the diagonalization of the 2-state voter

model [1–5] by generating functions [15]. The voter model is an archetype in social

opinion dynamics, and has been linked to population genetics and genetic algorithms

[16–20]. The method of solution given here is also regarded as an archetype for other

models and problems explored in this thesis. The solution of the eigenvalues and

eigenvectors then allows us to solve for many other valuable quantities, such as the

propagator, expected local time, expected consensus time.

2.1 The Voter Model as an Urn Model

The voter model is defined as follows. On a network of N nodes, each node

has one of two states (A or B). In one discrete time step, a node is chosen randomly

to adopt the state of one of its neighbors, also chosen randomly. This process will

continue until all nodes have the same state. In the context of social systems, the

states A and B are considered to be opinions. However, this model is also a special

case of the Moran model of population genetics, in which A and B are alleles and

mutation parameters are set to zero [16].

In this chapter, we assume that the network is a complete graph. That is,

we assume every node is connected to all other nodes. This constitutes the mean

field case often introduced to simplify the network topology [12, 15, 21–23]. More

generalized networks are considered in chapter 4. It also happens that results found

on the complete graph also hold for several sparse network topologies [12, 24].

We now proceed to recast this model on the complete graph as an equivalent

urn-ball system. We do this by identifying a random walk that is equivalent to the

random walk proposed by the voter model on the complete graph. The urn model

Portions of this chapter previously appeared as: W. Pickering and C. Lim, “Solution of the

voter model by spectral analysis,” Phys. Rev. E, vol. 91, no. 1, p. 012812, Jan. 2015.

6
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that we propose is given as follows. There are two urns (call them A and B) with a

total of N balls divided between the urns. In a discrete time step, choose two balls

randomly, noting the order that they were drawn from the urns. Then, place both

balls in the urn from which the first ball was drawn. Now, let nA(m) and nB(m) be

the total number of balls in urn A and B respectively at discrete time m. Since the

number of balls in the system is conserved, we have nA(m) + nB(m) = N for all m.

This allows us to characterize the system by a single variable, say nA.

This urn process can be expressed as a random walk model. That is, we write,

nA(m+ 1) = nA(m) + ∆nA(m). (2.1)

Since the total number of balls in an urn changes by at most 1, ∆nA only

takes values from {−1, 0, 1}. From the definition of the urn model, the transition

probabilities are given to be

Pr{∆nA(m) = 1 | nA(m) = i} = pi, (2.2)

Pr{∆nA(m) = −1 | nA(m) = i} = pi, (2.3)

Pr{∆nA(m) = 0 | nA(m) = i} = 1− 2pi. (2.4)

Where,

pi =
i(N − i)

N(N − 1)
. (2.5)

The transition probabilities given above exactly correspond to the transition prob-

abilities for the network model. In the network setting, nA is the total number of

nodes that have state A. The relationship between urn models and network models

is expanded upon in later chapters.

2.2 Markov Chain and Formulating the Propagator

The urn problem given in the previous section is a Markov Chain over the

macrostate quantity nA. With every (discrete) Markov chain, there exists a Markov

transition matrix that describes the change in the probability distribution of the
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chain. Here, we establish the single step propagator and determine the structure of

the transition matrix.

To represent the macrostate probability distribution, let

a
(m)
i = Pr{nA(m) = i}. (2.6)

This is the probability that the system is given by a particular macrostate nA = i

at discrete time m. We can use generating functions to derive a recursion relation

between future probability distributions a
(m+1)
i conditioned on a

(m)
i . Let

R(m)(x) =
∑

i

a
(m)
i xi. (2.7)

We can now express the probability distribution for ∆nA(m) as

Di(x) = pix
−1 + (1− 2pi) + pix, (2.8)

where pi is given by equation 2.5. Now, we utilize the following properties of gener-

ating functions of this type.

Product rule: If X and Y are integer random variables with probability gener-

ating functions F (x) and G(x) respectively, then the generating function of X + Y

is F (x)G(x) [15, 25–27].

Sum rule: If the probability space is partitioned into N events, each with

generating function Fj(x), then the generating function for the entire space is
∑N

j=1 Fj(x) [15, 25–27].

a
(m+1)
i = pi−1a

(m)
i−1 + (1− 2pi)a

(m)
i + pi+1a

(m)
i+1. (2.9)

From a numerical perspective, given the distribution a
(0)
j , one could iteratively

apply equation 2.9 to calculate any a
(m)
j . However, Such a solution does not yield

a detailed solution for the dynamics for various system sizes. Rather, we seek to

find not only an efficient means of calculating a
(m)
j for any j and m, we wish to find

the manner in which it converges. To accomplish both of these tasks, we solve the

for all of the eigenvalues and eigenvectors of the transition matrix. This transition
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matrix is found by rewriting equation 2.9 in matrix form:











. . .
. . .

. . .

pi−1 1− 2pi pi+1

. . .
. . .

. . .





















...

a
(m)
i

...











=











...

a
(m+1)
i

...











(2.10)

We express equation 2.10 more succinctly by Ta(m) = a(m+1), where T is the tran-

sition matrix, and a(m) is a vector that takes components a
(m)
i . Note that using

repeated application of this formula gives

a(m) = Tma(0). (2.11)

In order to calculate arbitrary powers of a large matrix T, we turn to the eigenvalues

and eigenvectors of the matrix T. To solve for these, we use similar generating

function techniques as above.

2.3 Solution of the Spectral Problem by Generating Func-

tions

In order to calculate arbitrary powers of a large matrix, we calculate all eigen-

values and eigenvectors exactly. To do this, we express the spectral problem in

generating function form, and proceed to solve it explicitly. The eigenvalue problem

can be stated as Tv = λv, where the vector v takes components ci. It is more

convenient to express this problem in component form instead, which is given by

(λ− 1)ci = pi−1ci−1 − 2pici + pi+1ci+1. (2.12)

Now we rewrite this in terms of a generating function G(x, y) for ci that we

define by

G(x, y) =
N
∑

i=0

cix
iyN−i. (2.13)

Now, with generating functions of this type, we make two observations:

1. If ci is generated by G, then pici is generated by
xyGxy

N(N − 1)
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2. If ci is generated by G, then ci−1 is generated by
x

y
G

3. If ci is generated by G, then ci+1 is generated by
y

x
G

We use item 1 to generate pici and then use items 2 and 3 to shift it appro-

priately to express equation 2.12 in terms of G. Doing so gives a very succinct and

insightful expression for G:

N(N − 1)(λ− 1)G = (x− y)2Gxy (2.14)

The form of this equation leads us to an natural choice for a change of variables.

Let u = x − y and G(x, y) = H(u, y). We now show that H has the same form as

G:

H(u, y) =

N
∑

i=0

ci(u+ y)iyN−i (2.15)

=
N
∑

i=0

i
∑

j=0

(

i

j

)

ciu
jyN−j (2.16)

=

N
∑

j=0

N
∑

i=j

(

i

j

)

ciu
jyN−j (2.17)

=

N
∑

i=0

[

N
∑

j=i

(

j

i

)

cj

]

uiyN−i (2.18)

=
N
∑

i=0

biu
iyN−i. (2.19)

Here, we define bi to be the coefficients of H , which are given by

bi =
N
∑

j=i

(

j

i

)

cj . (2.20)

Now, taking u = x− y and rewriting equation 2.14 in terms of u and H gives

N(N − 1)(λ− 1)H = u2(Huy −Huu). (2.21)
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Taking this and applying equation 2.19, we obtain a recursion relation for bi:

N(N − 1)(λ− 1)bi = (i− 1)(N − i+ 1)bi−1 − i(i− 1)bi. (2.22)

We can now express bi explicitly in terms of bi−1 to create a recursion relation for

bi:

bi =
(i− 1)(N − i+ 1)

N(N − 1)(λ− 1) + i(i− 1)
bi−1. (2.23)

We use this recursion relation to find the complete set of eigenvalues. Equation

2.19 defines a homogeneous polynomial in two variables (u, y). Because there are

no negative powers, we require bi = 0 when i < 0 regardless of λ. Using 2.23,

we conclude therefore that bi = 0 for every i, as long as there is no singularity

in 2.23 for some i = k. This yields the trivial solution to the eigenvalue problem

H(u, y) = G(x, y) = 0, which we discard. Therefore, to obtain non-trivial solutions

to the eigenvalue problem, we demand that for some i = k, there exists a singularity

in 2.23. This occurs when

N(N − 1)(λ− 1) + k(k − 1) = 0. (2.24)

Therefore, the complete set of eigenvalues of the transition matrix for the voter

model on the complete graph are:

λk = 1− k(k − 1)

N(N − 1)
, k = 0, . . . , N (2.25)

This implies that bk can take any value. For convenience, set bk = 1, and apply

2.23 to find every other bi. Note that doing this will guarantee that bi = 0 when

i > N , which is also required for H to be of the form given in equation 2.19. This

yields explicit solutions for bi for a given λ from the set given in 2.25. Now, given
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an explicit solution for H , we obtain an explicit solution for G by substitution:

G(x, y) =

N
∑

i=0

bi(x− y)iyN−i (2.26)

=
N
∑

i=0

i
∑

j=0

(

i

j

)

(−1)j−ibix
jyN−j (2.27)

=

N
∑

j=0

N
∑

i=j

(

i

j

)

(−1)j−ibix
jyN−j (2.28)

=

N
∑

i=0

[

N
∑

j=i

(

j

i

)

(−1)i−jbj

]

xiyN−i (2.29)

By the definition of G from equation 2.13, we have that

ci =

N
∑

j=i

(

j

i

)

(−1)i−jbj (2.30)

which gives the explicit solution for the corresponding eigenvector.

The solution for the eigenvectors given by 2.30 is exact, but the qualitative

features of the eigenvectors is not obvious from this equation. To study the eigen-

vectors in more detail for large N , we turn to the differential eigenvalue problem,

with the above solution in mind.

Note that if we divide equation 2.12 by 1/N2, we have

−k(k − 1)ci ∼
∆2

i (pici)

1/N2
(2.31)

where ∆2
i is the second centered difference operator. For large N , the second dif-

ference on the right side of equation 2.31 approaches the second derivative. Let

i/N → x, ∆x = 1/N , and uk(x) → ci. Then, equation 2.31 becomes

−k(k − 1)uk ∼
d2

dx2
[x(1− x)uk]. (2.32)
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Expanding all derivatives gives the second order differential equation for uk:

x(1 − x)
d2uk

dx2
+ (2− 4x)

duk

dx
+ (k(k − 1)− 2)uk ∼ 0. (2.33)

This is a case of the hypergeometric differential equation [28, 29], whose solution is

given in terms of the hypergeometric function 2F1 as

uk(x) ∼ 2F1(k + 1, 2− k; 2; x). (2.34)

It happens to be that the series for 2F1(k+1, 2−k; 2; x) terminates, giving a degree

k− 2 polynomial for the eigenvector components in the interior. It should be noted

that for both k = 0 and k = 1, we have that λ = 1. These eigenvectors correspond

to the consensus state in which all of the balls are in either urn A (k = 0) or urn

B (k = 1). The eigenvalue 1 always corresponds to a stationary distribution, which

is the case for both consensus states. More interestingly, for the second largest

eigenvalue, λ2, we have that the solution is uk ∼ 1. This implies that the uniform

distribution is an eigenvector, and that for large time, the probability distribution

approaches uniformity. In Fig. 2.1, we calculate the exact eigenvector components

and compare them to the hypergeometric solution given in equation 2.34.

This solution not only allows us to efficiently calculate large powers of the

propagator, it shows that the voter model on the complete graph is very diffusive

in nature. The probability distribution tends to the uniform distribution for large

time. Then at a rate of 1 − 2
N(N−1)

, this uniform distribution tends to consensus.

Now that eigenvalues and eigenvectors are known, we now use them to find other

exact solutions.
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Figure 2.1: 7th Eigenvector of the discrete problem plotted with the ex-
act solution for the limit as N → ∞. The hypergeometric
function in the figure is a fifth degree polynomial.

2.4 Exact Solutions of the Voter Model by Spectral Analysis

As described above, the entire urn process (or network model), is described

in terms of a single macrostate quantity nA that changes randomly with time. All

future probability distributions depend on arbitrary powers of the single step Markov

transition matrix. Not only does the solution to the spectral problem allow us to

calculate these exactly, we can also find other quantities of interest in terms of the

spectral solution. In particular, we will calculate all moments of consensus time

(mean, variance, etc.), then we consider local times. The consensus time is the

amount of scaled time (m/N) until all of the balls are in the same urn. The local

times is the amount of scaled time spent at each macrostate prior to consensus.
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2.4.1 Moments of Consensus Time

We wish to calculate not only the expected time until consensus is reached, but

all moments thereof. In sociophysics [4], the consensus time is a quantity of great

interest [9,11,15,21,22,30]. Other methods for calculating this rely on methods such

as continuous time first step analysis and differential equations [11, 21]. For such

methods to hold, it is assumed that N is large. However, these methods fail when

N is small, can only solve for the first moment, and is only an asymptotic solution.

The solution that is provided here is more robust in that every N is feasible, and

every moment can be calculated.

The consensus time, τ , is the amount of scaled time (m/N) until all of the balls

are in the same urn. We use the series expression for the pth moment of consensus

time to calculate this. Let qm be the probability that the system achieves consensus

at discrete time m. Then, the pth moment of the consensus time is given by

E[τ p] =
∞
∑

m=1

qm

(m

N

)p

(2.35)

Now, qm is given by

qm =
1

N
(a

(m−1)
1 + a

(m−1)
N−1 ). (2.36)

We use the solution to the spectral problem to find a
(m−1)
1 and a

(m−1)
N−1 . By

spectral decomposition, we can write the initial probability distribution a(0) as

a(0) =

N
∑

k=2

dkvk (2.37)

for eigenvector vk corresponding to eigenvalue λk. We take the sum starting from

k = 2 because the eigenvectors that correspond to k = 0, 1 are the consensus states.

We assume that the system does not start in consensus, so d0 = d1 = 0. The

constants dk depend on the initial distribution, and a comprehensive means of cal-

culating these is given in chapter 3. Now, since the future probability distributions
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are simply powers of the transition matrix multiplied into a(0), we have

a(m−1) =
N
∑

k=2

dkλ
m−1
k vk (2.38)

Therefore, if we let sk = dk([vk]1 + [vk]N−1), we have

a
(m−1)
1 + a

(m−1)
N−1 =

N
∑

k=2

skλ
m−1
k (2.39)

Now we have that the pth moment of consensus time is given by

E[τ p] =

∞
∑

m=1

1

N

N
∑

k=2

skλ
m−1
k

(m

N

)p

(2.40)

∼
N
∑

k=2

1

Np+1
sk

p!

(1− λk)p+1
(2.41)

= p!(N − 1)p+1

N
∑

k=2

sk
[k(k − 1)]p+1

. (2.42)

This is the exact solution for the moments of consensus time. We can esti-

mate this fairly easily by noting that the probability distribution is dominated by

the second largest eigenvalue, whose eigenvector is a constant. Let S(m) be the

probability that the system has not reached consensus by time m. Now, estimating

this by the second largest eigenvalue, we have that S(m) = O(λm
2 ). We now use this

to estimate qm. Note that the probability of reaching consensus at time m is the

probability that the system is in consensus (1 − S(m)) minus the probability that

the system was already in consensus (1− S(m− 1)). Therefore, we have

qm = S(m− 1)− S(m) = O
(

λm−1
2 (1− λ2)

)

. (2.43)

Using this, the moments of consensus time can be bounded as follows:
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E[τ p] =

∞
∑

m=0

qm

(m

N

)p

(2.44)

=
1− λ2

λ2Np

∞
∑

m=0

O(λm
2 )m

p (2.45)

∼ 1− λ2

λ2Np
O

(

p!λp+1
2

(1− λ2)p+1

)

(2.46)

= O

(

p!

[

λ2

(1− λ2)N

]p)

. (2.47)

This shows that the expected time to consensus (p = 1) is O(N), the second

moment of consensus time (p = 2) is O(N2), etc. The expected time to consensus

is consistent with previous research [11, 21, 31], but the higher moments are new

developments.

2.4.2 Expected Local Times

The local time of a macrostate nA = i is the total amount of time that the

system spends at this macrostate prior to reaching consensus. Since the local time

may be different for various macrostates, we arrange the local times into a vector,

M, whose ith component is the local time for nA = i. We use the solution to the

spectral problem to calculate the expected value of M.

We begin by letting Mi(m) be the total amount of time spent at macrostate

nA = i by time m. Also, let Mi = limm→∞Mi(m). Let ∆Mi(m) = Mi(m + 1) −
Mi(m) denote the change in the local time in a single step. Now, the local time

for nA = i will increase by 1/N if the system is in this macrostate at time m + 1.

This occurs with probability a
(m+1)
i . Otherwise, the local time for nA = i does not

change. Therefore, E[∆Mi(m)] = a
(m+1)
i /N . If we sum E[∆Mi(m)] from m = 0 to

m → ∞, the series is telescopic, so we have

E[Mi]− E[Mi(0)] =
1

N

∞
∑

m=0

a
(m+1)
i , (2.48)
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which implies that

E[Mi] =
1

N

∞
∑

m=0

a
(m)
i (2.49)

Since we have control over a
(m)
i by the solution of the spectral problem, we

can find closed solution to this infinite series expression. We express the probability

distribution a in terms of the spectral decomposition given in equation 2.38, and

obtain the solution for the expected local time as

E[M] =
1

N

∞
∑

m=0

N
∑

k=2

dkλ
m
k vk (2.50)

=
1

N

N
∑

k=2

dk
1− λk

vk (2.51)

= (N − 1)

N
∑

k=2

dk
k(k − 1)

vk (2.52)

The first and last components of E[M] should be discarded, since they cor-

respond to consensus states, and we only concern ourselves with macrostate that

are not consensus states. Every other component of E[M] corresponds to the exact

solution to the expected local time. This solution is exact for any initial distribution

a(0).

Here, we examine a continuous time treatment of the local time problem in

order to find the behavior for large N . To do this, let ρi = i/N , tm = m/N , and

u(ρi, tm) = Na
(m)
i . The quantity ρi is interpreted as the density of urn A, and u

is a probability density function. In this notation, as N → ∞, we have that the

Fokker-Plank equation is
∂u

∂t
∼ 1

N

∂2

∂ρ2
[ρ(1− ρ)u]. (2.53)

We now take the continuous time limit of the infinite series for local time given in

equation 2.49 to obtain

M(ρ) =
1

N

∞
∑

m=0

a
(m)
i → 1

N

∫ ∞

0

u(ρ, t)dt. (2.54)

Just as we calculated the infinite sum in the discrete problem for all discrete times
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m, we now integrate the Fokker-Plank equation given by equation 2.53 to obtain

−u(ρ, 0) =
d2

dρ2
[ρ(1− ρ)M ]. (2.55)

Since the system reaches consensus in finite time, and the probability distribution

a
(m)
i → 0 as m → ∞, the upper limit of the integrand on the left side vanishes.

Now, let f(ρ) = u(ρ, 0) be the given initial distribution of the system, and let

T (ρ) = ρ(1− ρ)M(ρ). We now wish to solve

−f(ρ) =
d2T

dρ2
. (2.56)

From the definition of T , we have the boundary conditions T (0) = T (1) = 0. We

solve this by applying the Green’s function of this problem [28], which is given by

g̃(ρ, ξ) =







ρ(1− ξ), ρ < ξ

ξ(1− ρ), ρ > ξ
. (2.57)

Therefore, we can write the solution for T as

T (ρ) =

∫ 1

0

f(ξ)g̃(ρ, ξ)dξ. (2.58)

This yields the solution for M(ρ) as

M(ρ) =

∫ 1

0

f(ξ)g(ρ, ξ)dξ (2.59)

where

g(ρ, ξ) =























1− ξ

1− ρ
, ρ < ξ

ξ

ρ
, ρ > ξ

. (2.60)

There are a few noteworthy properties of this solution. Firstly, if f(ρ) =

δ(ρ − ρ0) for some ρ0, this distribution corresponds to ai = 1 for i/N = ρ0 and

ai = 0 elsewhere. That is, the system always starts with nA = Nρ0. If we assume
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this distribution, then the solution for the local times is simply

M(ρ) = g(ρ, ρ0). (2.61)

Another interesting initial condition is the uniform probability distribution function.

This is f(ρ) = 1. Recall that this distribution is an eigenvector of the model, which

implies that in the discrete solution, d2 =
1

N+1
when v2 = 1, and dk = 0 otherwise.

So, according to the discrete solution, the expected local time is also uniform, with

time N−1
2(N+1)

∼ 1
2
. Now, taking f(ρ) = 1 in the Green’s function solution, we have

that M(ρ) = 1/2, which is also uniform, and the asymptotic value of the discrete

solution. Figure 2.2 compares simulations of the voter model to the exact solution

for the expected local times.
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Figure 2.2: Local times are examined when nA(0) = N/2 (top), nA(0) =
N/4 (middle), and the uniform initial distribution (bottom).
The exact solution is compared with Monte Carlo simulations
over 3000 runs of the Voter model for N = 100. Note the
similarities to the Green’s function solution for these cases.



CHAPTER 3

Exact Solution of the 2-Urn Models

Here we define the 2-Urn model and proceed to solve it exactly by similar generating

function methods. The method of solution is a generalization of the generating func-

tion method of Mark Kac [32] to solve the Ehrenfest urn model [33]. This solution

reconciles notions of increasing thermodynamic entropy with time reversibility by

exactly diagonalizing the transition matrix. The Ehrenfest model chooses a random

ball to change urns in a single step. On the other hand, the 2-urn models that

we discuss here are more general than this, since we examine the case when two

particles interact with each other. Interestingly enough, even though we choose two

random balls from the urn, the Ehrenfest model exists as a given parameter configu-

ration of the 2-urn models. In addition, the voter model and the Moran model with

mutation are both cases of the 2-urn process. The method of solution is similar to

the solution to the voter model by generating functions, given in chapter 2. Also,

the 2-urn models have a natural network extension that we explore in chapter 4.

3.1 Linear 2-Urn Models and Solution

In this section, we will define the 2-urn models and then proceed to solve them

by generating functions. The general 2-urn model is specified by 6 parameters that

represent transition probabilities. However, the generating function solution for the

eigenvalues and eigenvectors only holds when one equality constraint is satisfied.

We call this constraint the linearity constraint, and the subclass of urn models

in which this constraint holds are called linear urn models. For the linear urn

models, we can diagonalize them exactly to calculate the m-step propagator as well

as other solutions. For a six parameter system, with one equality constraint, there

are effectively five free parameters that define a linear urn model. The nonlinear

cases are studied in later sections.

We define the model as follows. For any 2-urn model, there are two urns

(A and B) with N balls distributed between them (as in the voter model). In a

22
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Figure 3.1: Classification tree for the 2-Urn problems that shows all rel-
evant subclasses. Among the linear cases (2γ1−2γ2−α1+α2+
β1 − β2 = 0), the martingales (α1 = β1, α2 = β2 = γ1 = γ2 = 0)
are equivalent to the voter model and the non-martingales
constitute a much larger class of models. We show that an
entropy increase in the non-martingale cases is equivalent to
macroscopic symmetry of the model given by equation (3.41).
In the nonlinear models, there exists a phase transition over a
single parameter that separates metastable convergence from
logarithmic convergence.

discrete time step, two balls are drawn randomly from the urn, one after the other.

The balls are then redistributed between the urns stochastically, with probabilities

that only depend on which urns the balls were drawn from and the order that they

were drawn.

The definition of these models is very simple, yet they offer many interesting

and rich properties. A categorization of the relevant cases that we discuss is given

in figure 3.1.
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Let nA(m) be the number of balls in urn A at discrete time m. Each model is

characterized through six rate parameters, which we denote by {α1, α2, β1, β2, γ1, γ2}.
These parameters represent the redistribution probabilities after the balls were se-

lected. These parameters are given to be

α1 = Pr{∆nA = 1|AB}+ Pr{∆nA = 1|BA} (3.1)

α2 = Pr{∆nA = 1|BB} (3.2)

β1 = Pr{∆nA = −1|AB}+ Pr{∆nA = −1|BA} (3.3)

β2 = Pr{∆nA = −1|AA} (3.4)

γ1 = Pr{∆nA = 2|BB} (3.5)

γ2 = Pr{∆nA = −2|AA}. (3.6)

Since these parameters correspond to probabilities, all parameters must be

non-negative, α1 + β1 ≤ 2, α2 + γ1 ≤ 1, and β2 + γ2 ≤ 1. If one were to use

negative parameters (negative probabilities), the resulting urn model would not be

physically viable. However, interestingly enough, one could still use these techniques

to diagonalize the formal transition matrix that it would imply.

The parameters of the urn model may be interpreted as the influence of people

in social settings. Values of α1 and β1 correspond to the impact a person has on an-

other with the opposite opinion. An individual may respond to peer-pressure, or be

influenced by a coherent argument from the other individual. This is the archetype

for the voter model, which has parameter configuration {1, 0, 1, 0, 0, 0}. The other

parameters, α2, β2, γ1, and γ2 can correspond to mutation and competition between

individuals. Also, these parameters can represent push-pull factors to Lee’s model of

migration [34], and quadratic transition probabilities reflect the assumptions made

in Gravity models of migration and trade [35, 36]. Existing models with explicit

parameter configurations also include the Moran model of genetic drift, which has

parameters {1 − µ1, µ2, 1 − µ2, µ1, 0, 0}, where µ1 and µ2 are mutation probabili-

ties [16, 17]. For these models, the population size, N , is not always large and thus

the discrete stochastic treatment we provide is necessary.
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With these parameters, we can express the transition probabilities for the

corresponding random walk by

p
(1)
i = α1

i(N − i)

N(N − 1)
+ α2

(N − i)(N − i− 1)

N(N − 1)
(3.7)

p
(2)
i = γ1

(N − i)(N − i− 1)

N(N − 1)
(3.8)

q
(1)
i = β1

i(N − i)

N(N − 1)
+ β2

i(i− 1)

N(N − 1)
(3.9)

q
(2)
i = γ2

i(i− 1)

N(N − 1)
. (3.10)

Here, we define p
(k)
i = Pr{∆nA = k|nA = i} and q

(k)
i = Pr{∆nA = −k|nA = i}.

Note that if we consider the parameter configuration {1,1,1,1,0,0}, the model exactly

simplifies to the Ehrenfest urn model.

Now we express the single step propagator of the 2-urn models. From this,

we will define the Markov transition matrix, and then use generating functions to

diagonalize it. Let a
(m)
i = Pr{nA(m) = i}. Also let ∆ki be defined such that

∆ki[φi] = φi+k − φi for a given grid function φi. Using this, we form the single step

propagator for the 2-urn models:

a
(m+1)
i − a

(m)
i = ∆−1i[p

(1)
i a

(m)
i ] + ∆−2i[p

(2)
i a

(m)
i ]

+ ∆+1i[q
(1)
i a

(m)
i ] + ∆+2i[q

(2)
i a

(m)
i ]. (3.11)

3.1.1 Generating Function Solution of the Spectral Problem

The transition probabilities correspond to elements in a pentadiagonal Markov

transition matrix. We solve for all eigenvalues and eigenvectors of this model by

extending the procedure chapter 2. For eigenvalue λ and eigenvector v with compo-

nents ci, let G(x, y) =
∑

i cix
iyN−i be the generating function for the eigenvectors.

We rewrite the spectral problem for the single step propagator given in equation 3.11

as a partial differential equation for G using the differentiation and shift properties

of G [15, 25–27]. Following the methods in chapter 2, the PDE for G is
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N(N − 1)(λ− 1)G = γ1(x
2 − y2)Gyy + α1x(x− y)Gxy

+ α2y(x− y)Gyy − γ2(x
2 − y2)Gxx − β1y(x− y)Gxy

− β2x(x− y)Gxx. (3.12)

Just with the voter model, we let u = x − y and H(u, y) = G(x, y). As

was shown in chapter 2, this change of variables allows us to define H(u, y) =
∑

i biu
iyN−i. We make this change of variables because we can solve for bi and λ

exactly when

2γ1 − 2γ2 − α1 + α2 + β1 − β2 = 0, (3.13)

which we call the linearity constraint. If this constraint does not hold, then there

exist uyHuu terms in the resulting transformed PDE, which produces super-diagonal

terms. Only a sub-diagonal terms are allowed for the method to generate all eigen-

values and eigenvectors explicitly. The relationship between this constraint and

linear systems is shown below. Now, with this change of variables, and assuming

that the linearity constraint holds, the PDE for H is given as:

N(N − 1)(λ− 1)H = [γ1u
2 + (2γ1 + α2)uy]Hyy

+ [(α1 − 2γ1)u
2 + (α1 − 4γ1 − 2α2 − β1)uy]Huy

+ (γ1 − α1 − γ2 − β2)u
2Huu. (3.14)

This is equivalent to a recursion relation for bi, which is given to be

bi =
Ai−2bi−2 +Bi−1bi−1

Ci

(3.15)

where

Ai = γ1(N − i)(N − i− 1) (3.16)

Bi = [(−2γ1 + α1)i+ (2γ1 + α2)(N − i− 1)](N − i) (3.17)
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and

Ci = N(N − 1)(λ− 1)− (α1 − 4γ1 − 2α2 − β1)i(N − i)

− (γ1 − α1 − γ2 − β2)i(i− 1) (3.18)

This allows us to find all eigenvalues exactly. Similar to the argument in chapter

2, we require bi = 0 for i < 0 and i > N as well. The difference equation given in

3.15 therefore implies that every bi=0 unless there is a singularity at i = k. Since

this corresponds to the trivial solution to the problem, we set the denominator of

equation 3.15 to zero when i = k. Solving for λ shows that the eigenvalues are

λk = 1− (−α1 + 4γ1 + 2α2 + β1)k(N − k)

N(N − 1)
− (−γ1 + α1 + γ2 + β2)k(k − 1)

N(N − 1)
(3.19)

for k = 0 . . .N . Since there is a singularity at i = k, bk can take any value. This

represents the fact that any constant multiplied by an eigenvector is still an eigen-

vector. We now apply equation 3.15 iteratively to find all bi for i > k. This provides

the means for finding bi, and therefore, an explicit representation for H(u, y). We

obtain the generating function G by substitution to find

G(x, y) =
N
∑

i=0

N
∑

j=i

(−1)j−i

(

j

i

)

bjx
iyN−i. (3.20)

Therefore, all of the components of the eigenvectors can be explicitly calculate by

these means, so long as 2γ1− 2γ2−α1+α2+β1−β2 = 0. This constraint is related

to the continuous time representation of the 2-urn model. Let ρ̄ = E[nA/N ]. Using

the transition probabilities, we find that the expected change in the macrostate is

given by

E[∆nA|nA = i] = 2p
(2)
i + p

(1)
i − q

(1)
i − 2q

(2)
i . (3.21)

For ∆t = 1/N , we have that ∆nA = ∆ρ/∆t, and a differential equation for the
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expected value of ρ can be written as

dρ̄

dt
= 2γ1 + α2 + (α1 − 4γ1 − 2α2 − β1)ρ̄

+ (2γ1 − 2γ2 − α1 + α2 + β1 − β2)ρ̄
2. (3.22)

Notice that this ODE is linear if and only if 2γ1− 2γ2−α1+α2+β1−β2 = 0,

which is the solvability condition of the generating function method. If this condition

is not satisfied, there will be a bi+1 term in 3.15, and the method fails. Furthermore,

3.13 is not satisfied, then 3.22 is not a linear ODE, and we call the urn model

nonlinear. We leave as a conjecture that the nonlinear cases cannon be solved by

these generating functions for a different change of variables (x, y) → (u, v). This is

the first major categorical distinction shown in Fig. 3.1.

3.1.2 Generating Function Method as a Similarity Transform

Since we use a linear change of variables on a polynomial generating function,

method is equivalent to a well constructed similarity transformation. The generating

function method proves that the similarity transform yields the spectral decompo-

sition of the original transition matrix. Let T be the transition matrix implied by

equation 3.11. So, the eigenvalue problem is given as Tv = λv. The vector v

takes components ci. Now the change of variables is represented by the substitution

w = Pv for some given invertible matrix P. Making this substitution shows that

the eigenvalue problem for w is given by PTP−1w = λw. We let the components

of w be bi, which are the same bi when using equation 3.15. The generating function

method prescribes the matrix P so that the new matrix L = PTP−1 is lower tri-

angular with a bandwidth of at most two. As shown by the calculations in chapter

2, equations 2.20 and 2.30, The components of the transformation matrices that

perform this triangularization are determined to be

[P]ij =

(

j

i

)

(3.23)

[P−1]ij = (−1)j−i

(

j

i

)

. (3.24)
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We use the convention that
(

j

i

)

= 0 when i > j, which suggest that P and P−1 are

upper triangular. The matrix P is called the upper Pascal matrix, since the columns

of P are the rows of Pascal’s Triangle [37]. Since T = P−1LP, we have shown that

the lower triangular matrix L expressed in a new basis given by the rows of Pascal’s

triangle yields the original Markov transition matrix.

The explicit solution for the spectral decomposition can be found by the gen-

erating function method. We do this by diagonalizing the matrix L = WΛW−1.

Here, Λ = diag(λ0, . . . , λN) given above and W are the eigenvectors of L. The kth

column of W are the bi that are calculated using 3.15 corresponding to λk. Since

bi = 0 for i < j, W is lower triangular. Therefore, since W is a triangular matrix,

W−1 can be found explicitly via forward substitution. This gives an explicit result

for L = WΛW−1. Now, since T = P−1LP, we have

T = P−1WΛW−1P. (3.25)

Which yields the spectral decomposition of the matrix T, given by

T = SΛS−1 (3.26)

where the matrix S contain the eigenvectors of T. Both S and S−1 are given in

terms of P, W, and their inverses found above by

S = P−1W (3.27)

S−1 = W−1P (3.28)

So, in order to find the initial distribution expressed in the eigenbasis of T, we

would calculate

d = W−1Pa(0). (3.29)

The components of the vector d are the values of dk that are used throughout this

thesis when calculating various solutions.
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Table 3.1: Summary of Exact Solutions

Quantity Discrete Solution

Macro-state probability a
(m)
i =

∑N
k=0 dk[vk]iλ

m
k

Consensus time E[τ p] ∼
N
∑

k=1

dkp!

[N(1− λk)]p+1
×

{

β1[vk]1 +
2γ2

N − 1
[vk]2

}

Local time E[M] ∼ 1

N

N
∑

k=0
λk 6=1

dk
1− λk

vk

Shannon entropy S = −ρ̄ log2 ρ̄− (1− ρ̄) log2(1− ρ̄)

ρ̄ =
∑N

i=0
i
N
a
(m)
i

3.2 Propagator, Consensus Time, Local Time, and Shannon

Entropy

The primary goal of finding the spectral decomposition of the transition is to

efficiently calculate large powers of the matrix. These large matrix powers are used

to calculate future probability distributions. Using the decomposition given in 3.1.2,

we have that the future probability distributions are expressed as

a(m) = SΛmS−1a(0) (3.30)

Let dk be the initial distribution expressed in the eigenbasis given by equa-

tion 3.29. With dk known, we can alternatively express the macrostate probability

distribution as

a
(m)
i =

N
∑

k=0

dkλ
m
k [vk]i. (3.31)

As with the voter model, this is key to finding other interesting solutions, such as the

expected time to consensus, the local time, and changes in entropy. The solutions

themselves are discussed in table 3.1, with additional details below.
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3.2.1 Consensus Time for 2-Urn Models

The consensus time is the amount of scaled time spent before the system

reaches an absorbing state in which all of the balls are in a single urn. Here, we

only consider linear 2-Urn models in which consensus of B is an absorbing state,

but consensus of A is non absorbing. If both consensus of A and B were absorbing

states, then we would require α2 = β2 = γ1 = γ2 = 0. For the linearity condition to

hold, α1 = β1, which is equivalent to the voter model on the complete graph with

a single rate parameter that scales time. Voter models of this type are the only

cases of the 2-urn models that are martingale, which we have discussed in chapter

2. In this chapter, we only consider the non-martingale cases in which consensus

of one urn is absorbing. The non-martingale cases of the 2-Urn model have very

different behavior compared to the martingale cases described in chapter 2. Now,

if we require nA = 0 to be an absorbing state in the Markov chain, we require

Pr{∆nA = 0|nA = 0} = 1. For this to be true, we take α2 = γ1 = 0.

We can apply similar means of calculating the moments of consensus time as

with the voter model. Let sm be the probability that the system reaches consensus

at discrete time m. Therefore, by definition, the pth moment of the consensus time

τ is given by

E[τ p] =

∞
∑

m=1

sm(m/N)p (3.32)

The probability of reaching consensus, sm, can be expressed as the probability

that the system is one step from consensus times the probability that the system

moves into the consensus state. Therefore, sm = q
(1)
1 a

(m−1)
1 + q

(2)
2 a

(m−1)
2 . Since we

can calculate a
(m)
i explicitly, we can write sm explicitly as

sm =

N
∑

k=1

dkλ
m−1
k

{

β1

N
[vk]1 +

2γ2
N − 1

[vk]2

}

. (3.33)

Now, we substitute this into equation 3.32 and evaluate the resulting infinite
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geometric series. This yields

E[τ p] ∼
N
∑

k=1

dkp!

[N(1− λk)]p+1

{

β1

N
[vk]1 +

2γ2
N − 1

[vk]2

}

, (3.34)

which is given in Table 3.1. Note that only the first few terms of this series can

yield a good approximation to the moments of consensus time.

Even though this solution is exact, the form of equation 3.34 does not imme-

diately reveal the asymptotic dependence on N . If we do not use the full diago-

nalization of the matrix, we can still obtain an approximation of the moments of

consensus time. One means of approximating the consensus time is to find the time

until the survival probability is 1/N [9, 11, 38, 39]. This implies that less than one

ball would be in urn A at that time. Methods such as this are utilized in stochastic

systems that have significant drift. Now, the survival probability is estimated by

powers of the second largest eigenvalue of the system, given by λm
1 . Now, using the

above criterion, and converting to scaled time τ = m/N gives

λτN
1 =

1

N
. (3.35)

Using the exact solution for the eigenvalues given by equation 3.19, we have that

λ1 = 1− (β1 − α1)/N . The consensus time is found by solving for τ and using that

lnλ1 ∼ −(1− λ1), we find that

E[τ ] ∼ lnN

β1 − α1
+O(1). (3.36)

Equation 3.36 gives the first term in the asymptotic expansion, and shows that there

is an additional constant term. Figure 3.2 compares simulation data against this

estimate and shows that there is good agreement between them.

3.2.2 Local Time for 2-Urn Models

The local time is the amount of scaled time (m/N) that the system spends at

each macrostate prior to consensus. As with the consensus time, we assume that

only consensus of B is an absorbing state, since if both states were absorbing, the
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Figure 3.2: Consensus times for three linear models plotted on a log-
arithmic scale in N . These models have parameter config-
urations {1/4, 0, 1, 1/4, 0, 1/4} (◦), {1/2, 0, 1, 1/6, 0, 1/6} (×), and
{3/4, 1, 1/2, 0, 1/12} (⋄). Solid lines are the estimates given by
equation 3.36 with a fitted additive constant. The constant
is dominated by the logarithm for large N .

system reduces to the voter model previously studied in chapter 2. We organize the

local times into a vector M, whose components Mi correspond to macrostate nA = i.

Let Mi(m) be the total time spent at macrostate nA = i by discrete time m. Similar

to the voter model, we consider E[∆Mi(m)], where ∆Mi(m) = Mi(m+1)−Mi(m).

The random variable ∆Mi(m) takes value 1/N if the system is in macrostate nA = i

at time m+1, and otherwise takes value zero. So, E[∆Mi(m)] = a
(m+1)
i . Therefore,

the expected local time is given by

E[Mi(∞)]− E[Mi(0)] =

∞
∑

m=1

E[∆Mi(m)] =
1

N

∞
∑

m=1

a
(m+1)
i . (3.37)
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Now, E[Mi(0)] is given by the initial probability distribution of the model: a
(0)
i /N .

We now apply the diagonalization of linear urn models given by equation 3.31 to

find E[Mi(∞)] exactly. We now make this substitution are organize the result into

a vector to find

E[M] =
1

N

N
∑

k=1

dkvk

1− λk

. (3.38)

The k = 0 term is not included because d0 = 0. This is because k = 0 corresponds

to the consensus state, and we stop measuring the local time once consensus has

been attained. This result is also stated in Table 3.1.

3.2.3 Shannon Entropy in Social Systems

In social systems in particular, we wish to analyze the effect of disagreement in

the population. If there is high dissent in the population, the less stable it may be.

To measure this, we consider the Shannon entropy of the messages that the people

as the measurement of uncertainty of the population [40]. In a social setting, a 2-urn

process would correspond to a message from a speaker (first ball) to a neighboring

listener (second ball). We consider these messages as information content, and if

there is information, one can define entropy. If the population is in a consensus

state, then only a single opinion will be transmitted from person to person. In

this case the Shannon Entropy will be zero, which is consistent with zero dissent.

Similarly, the dissent is maximum if each opinion is represented in equal amounts.

If a ball is drawn from urn A, we say that message A is transmitted. This

occurs with probability nA/N . Since nA is a random variable at future time m,

the probability that the message is A is E[ρ(m)], which we denote by ρ̄(m). This

expected value is given by

ρ̄(m) =
N
∑

i=0

i

N
a
(m)
i . (3.39)

Since there are only two urns (A or B), only one of two messages can be

expressed at a given time. Since the probability of message A is ρ̄, the probability
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of message B is 1− ρ̄. So, the Shannon entropy, H, is

H = −ρ̄ ln(ρ̄)− (1− ρ̄) ln(1− ρ̄). (3.40)

We take the natural logarithm here out of convenience, since the consensus time is

closely related to entropy for 2-Urn processes. In fact, the consensus time for the

voter model is exactly the entropy scaled by N [21, 41, 42]. Entropy is maximized

for ρ̄ = 1/2, and minimized at consensus states (ρ̄ = 0 or ρ̄ = 1), as stated above.

It may be useful to think of entropy in a thermodynamic sense. For informa-

tion theory presented here, there is no explicit second law of thermodynamics. In

fact, many social systems cause entropy to decrease, and individuals converge on a

consensus opinion. As such, the second law of thermodynamics does not hold for all

2-urn processes, though there is a subclass in which entropy always increases (such

as the Ehrenfest model). It becomes insightful to know under which conditions the

second law of thermodynamics holds or not.

Here we will show that a non-martingale linear urn process has a principle of

maximum entropy if and only if the macroscopic symmetry property holds, which

we define below. Let U1 and U2 be the urns from which the first and second balls

were drawn respectively. Also let U c denote the urn that is complementary to U .

For example, if U1 = A, then U c
1 = B. A 2-urn process is macroscopically symmetric

if for all U1 and U2,

E[nA|U1, U2] = E[nB|U c
1 , U

c
2 ]. (3.41)

Physically, this means that the macroscopic behavior of the system is un-

changed if the urns were interchanged. This implies a form of symmetry between

urn A and B.

First we show that if macroscopic symmetry holds for linear models, then there

is a principle of maximum entropy. It is sufficient to show that the equilibrium den-

sity must be ρ̄ = 1/2 to guarantee an increase in entropy. If we assume macroscopic

symmetry, then we require that
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2γ1 − 2γ2 + α2 − β2 = 0, (3.42)

α1 = β1. (3.43)

Notice that if these constraints hold, then the 2-urn model satisfies the linearity

constraint given in equation 3.13. There are no nonlinear 2-urn problems that are

macroscopically symmetric. Now we consider the mean density of the system for

large N given in equation 3.22 with these parameter constraints, and find that

dρ̄

dt
= (2γ1 + α2)(1− 2ρ̄), (3.44)

which has a monotonic attraction to ρ̄ = 1/2 for all initial conditions. This shows

that entropy increases for non-martingale 2-urn models. That is, we wish to show

that 2γ1 − 2γ2 + α2 − β2 = 0 and α1 = β1.

To show the converse, we assume that entropy increases for non-martingale

linear models and show that macroscopic symmetry holds. Since we assume that

equation 3.22 is linear, we get

dρ̄

dt
= 2γ1 + α2 + (α1 − 4γ1 − 2α2 − β1)ρ̄. (3.45)

We also have that ρ̄ = 1/2 must be an equilibrium of the system. Setting 3.45 to

zero for ρ̄ = 1/2 gives α1 = β1. Since the model is linear, we substitute α1 = β1 into

equation 3.13 and find that 2γ1 − 2γ2 + α2 − β2 = 0. This shows that the system is

macroscopically symmetric.

This result shows that the principle of increasing entropy is fundamentally

related to symmetry and linearity. Since physical models obey the second law and

have symmetries associated with them, then this result justifies the study of linear

models in particular.
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3.3 Nonlinear Models

For linear models, the propagator can be solved exactly, which guarantees an

enormous control over the solution. In this section, we study more general models

for which 2γ1 − 2γ2 − α1 + α2 + β1 − β2 6= 0. Because the linearity condition does

not hold, we cannot solve for all eigenvalues and eigenvectors exactly. Qualitatively,

nonlinear models have such a wide range of unusual behavior that we would not

expect them all to be solved so easily. To focus our study, we consider nonlinear

models such that only consensus of B is an absorbing state. Because the system is

nonlinear, we show that there exists a phase transition across α1 = β1, which would

otherwise not exist for linear models.

3.3.1 Phase Transition for Nonlinear Models

Here we consider similar stable consensus type models as in the linear case

where if all of the balls are in B, all balls will remain in B with probability 1. Con-

sensus of B is an absorbing state in the corresponding Markov chain. By assuming

this, we take γ1 = α2 = 0. We make these substitutions in equation 3.22 to find

dρ̄

dt
= (−2γ2 − α1 + β1 − β2)ρ̄

(

α1 − β1

−2γ2 − α1 + β1 − β2
+ ρ̄

)

. (3.46)

Clearly, ρ̄1 = 0 is stationary. This is expected, because consensus of B is an absorb-

ing state by assumption. What might seem unexpected, however, is that this root

is not always stable, and that there exists a phase transition when α1 = β1. This

can be seen by considering equation 3.46 for ρ̄ << 1.

The second root, ρ̄2, can be expressed by a single parameter, ω. We let

ω =
α1 − β1

2γ2 + β2

(3.47)

and observe that

ρ̄2 =
ω

1 + ω
. (3.48)

The stability of these roots are characterized completely by ω, because for ω > 0,

the root at the origin is unstable and ρ̄2 becomes stable. The root ρ2 also exists



38

within the physical domain (0 ≤ ρ̄ ≤ 1), which indicates that the system is attracted

to a metastable state. Stochastically, the system will also randomly fluctuate within

this interval and always has a non-zero probability of achieving consensus. So, even

though the system is attracted to the metastable distribution with high probability,

it will eventually achieve the consensus state in finite time. The consensus time for

the metastable case, however, is exponential with N . In the special case when γ2 =

β2 = 0 should be interpreted as ω = ±∞ and correspond to a biased voter model [21].

In this case, the consensus time may not be exponential because consensus of both

A and B are stable.

For ω < 0, the origin is stable, and ρ2 is unstable. In this case, the solution to

equation 3.46 is the logistic function. For ρ̄ small, the equation resembles a linear

model. This suggests that replacing the nonlinear system with a linear urn model

near consensus can capture its behavior. That is, since the drift portion of the

dynamics is small, the consensus time when ω < 0 is E[τ ] ∼ lnN/(β1 −α1). So, we

will only focus on the two remaining cases: the phase transition itself (ω = 0) and

the metastable case (ω > 0).

When ω = 0, the two roots are coincident, which indicates a transcritical

bifurcation [43]. Fig. 3.3 shows the bifurcation diagram of these nonlinear 2-urn

models.

Although the consensus time is proportional to lnN when ω < 0, we will show

that when ω = 0, the consensus time increases to
√
N for γ2 + β2 6= 0.

3.3.1.1 Phase Transition: A Model of Consensus Formation

Socially, we consider a model that may correspond to the decay of a popular

trend, A, that dominates the system. Those who do are not involved with the

trending fad are considered in urn B. Those who do not accept A can be convinced

to adopt it with probability α1 when exposed to it. Similarly, people with A can

be dissuaded from it with probability β1 when exposed to those without A. Also,

an individual may be turned away from the fad if they are exposed to it for long

enough. That is, if an individual with A is exposed to many individuals with A, then

the novelty of A fades and the person no longer adopts it, which is a sociologically
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Figure 3.3: Bifurcation diagram showing the stability of the stationary
points of equation 3.46 for nonlinear consensus models. The
solid lines indicate that the point is stable dashed line indicate
that it is unstable. The red lines correspond to the root at
the origin, and the blue curve corresponds to the second root,
ρ2. For ω > 0, the system attracts to a metastable state and
for ω < 0, the systems resemble linear models.

observed tendency [44]. If A is perceived as a fad, then people will be less likely to

adopt it [45]. We model this by assuming that if A speaks with another A, then the

fad is rejected with probability β2 and the listener becomes B. It is also reasonable

to assume the both individuals could reject the fad simultaneously, which would

occur with probability γ2, but for simplicity, we set γ2 = 0.

We wish to find the amount of time until nobody accepts A, and everyone is in

state B. To simplify the analysis, we will consider the case in which α1 = β1 = β2 =

1, although any configuration of parameters could be considered, provided ω = 0.

Let T (ρ) be the time to consensus. Using first step analysis, we find that T must
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satisfy

T (ρ) = p(ρ)T (ρ+∆ρ) + r(ρ)T (ρ) + q(ρ)T (ρ−∆ρ) + 1, (3.49)

where ∆ρ = 1/N and

p(ρ) = ρ(1 − ρ) (3.50)

q(ρ) = ρ(1 − ρ) + ρ2 (3.51)

r(ρ) = 1− p(ρ)− q(ρ). (3.52)

(3.53)

We also have the boundary condition T (0) = 0. Expanding by Taylor’s theorem to

second order gives

−1 ∼ v(ρ)
dT

dρ
+

1

2N
D(ρ)

d2T

dρ2
(3.54)

where

v(ρ) = −ρ2 (3.55)

D(ρ) = 2ρ(1− ρ) + ρ2. (3.56)

The system is dominated by the drift term, v, when the system is not near consensus.

Therefore, ρ approaches consensus in O(1) time. After this time has passed, we

assume that these two terms in equation 3.54 balance. Let ρ = δξ for some δ ≪ 1

that balances the drift and diffusion terms. The derivatives are then transformed

by
d

dρ
=

1

δ

d

dξ
. (3.57)

So, after dropping higher order terms, equation 3.54 is given by

−1 ∼ −δξ2
dT

dξ
+

ξ

Nδ

d2T

dξ2
. (3.58)
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For these terms to balance, we choose δ = 1/
√
N . Now, we wish to solve

ξ
d2T

dξ2
− ξ2

dT

dξ
= −

√
N. (3.59)

We are given one boundary condition, T (0) = 0, yet we wish to solve a second order

equation. Since the time for the system to approach consensus is O(1) and that the

consensus time is monotonic, the derivative of consensus time with respect to ρ is

at most O(1) when ρ = O(1). So, the derivative of T with respect to ξ tends to zero

as ξ → ∞. This is stated mathematically by

lim
ξ→∞

dT

dξ
= 0, (3.60)

which supplies the second boundary condition. Now, the solution to equation 3.59

is

T (ξ) =
√
N

∫ ξ

0

∫ ∞

u

1

s
e−

1

2
(s2−u2)dsdu. (3.61)

We are particularly interested in the case when A initially dominates the system.

Furthermore, since the integral converges exponentially, we can take ξ → ∞ without

significantly changing the value. So, to find T (∞), we take

s =
√
2r sec θ (3.62)

u =
√
2r tan θ. (3.63)

Making this change of variables, the integral can be simplified to

T ∼
√

π3N

8
. (3.64)

This shows that when ω = 0, the consensus time increases from the order of lnN

to
√
N .

3.3.2 Metastable Consensus Time

The other interesting case is when ω > 0, in which there is a stable fixed point

of the drift equation in the region 0 < ρ < 1. The interesting feature of models such
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as these is that the system is attracted to the root in the interior, ρ2, and is repelled

from the root at ρ1 = 0. However, for any N , the probability that nA = 0 tends

to 1 as m → ∞. In other words, the system almost certainly reaches consensus in

finite time. Consensus of B is stable with probability 1, yet ρ2 is stable only with

probability close to 1. Therefore, ρ2 is the mean of a metastable distribution that

exists apart from consensus. In terms of the Markov chain model, consensus corre-

sponds to the eigenvalue 1 of the transition matrix and the metastable distribution

is an eigenvector with eigenvalue that is exponentially close to 1.

We have two major goals of this section. The first is to find the metastable

distribution for a particular metastable urn process and the second is to find the

corresponding consensus time. As in the above case, we restrict our study to a

particular parameter configuration to serve as a canonical example of the solution.

Once the balls have been selected from the urns, the model that we consider is given

by the following rules:

1. If the balls came from different urns, place both in A.

2. If the balls came from the same urn, place both in B.

It is evident from these rules that consensus of B is an absorbing state. If all balls

are in urn B, then the balls are always drawn from the same urn and replaced in B

with probability 1. This model has the parameter configuration α1 = 2, γ2 = 1, and

all others equal to 0. By equation 3.47, we have that ω = 1 and therefore, ρ2 = 1/2.

Since ω > 0, the bifurcation diagram in Fig. 3.3 indicates that ρ2 = 1/2 is stable

and constitutes a metastable state.

Let λ be the eigenvalue that corresponds to the metastable distribution, φi.

Since λ is exponentially close to 1, 1 − λ is a transcendentally small term. This

observation offers evidence of the conjecture stated in section 3.1.1 that no other

change of variables could ascertain the exponentially small spectral gap. Since φi

are components of an eigenvector, we can choose how scale it. Conditioned on the

information that the system is not in consensus, then φi = Pr{nA = i}. So, for φi

to constitute a probability distribution, we need the sum of the components to be

1. So, we let ci be the components of the unscaled eigenvector corresponding to λ
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and scale it so that

φi =
ci

∑N
i=1 ci

. (3.65)

With this, the recursion relation for ci from the eigenvalue problem for ci after

dropping the 1− λ terms is given by

0 = p
(1)
i−1ci−1 − (p

(1)
i + q

(2)
i )ci + q

(2)
i+2ci+2. (3.66)

We also demand that ci = 0 when i < 0 and i > N . Also, we set cN = 1 to begin

the recursion. We know that cN 6= 0 because if it were, it would imply that the

system can never achieve this state. So, we take equation 3.66 and solve for ci−1 to

find

ci−1 =
(p

(1)
i + q

(2)
i )ci − q

(2)
i+2ci+2

p
(1)
i−1

. (3.67)

Given cN = 1 and ci = 0 for i > N , we can use equation 3.67 to find ci for

1 ≤ i ≤ N − 1. After rescaling to obtain φi, we obtain the distribution shown in

figure 3.4. It should be noted that the distribution asymptotically approaches a

Gaussian function to leading order.

We now calculate the consensus time for the metastable case. The strategy

is to use equation 3.34, which gives the consensus time in terms of the eigenvalues

and eigenvectors. When using equation 3.34, we take d1 = 1 and all other dk = 0

for [v1]i = φi and λ1 being the eigenvalue for φi. That is, equation 3.34 reduces to

E[τ ] =
2φ2

N2(N − 1)(1− λ)2
. (3.68)

Since we found the dominant eigenvector in the system, all we need is the

corresponding eigenvalue. We find it by considering the row-sum of the transition

matrix T. Since all of the rows sum to 1, we multiply both sides of Tv = λv by

1T on the left to obtain 1Tv = λ1Tv. Unless λ = 1, we must have that the sum of

the components of v is zero. This is important because
∑N

i=1 φi = 1 in order to be

a probability distribution conditioned that the system has not reached consensus.

This implies that φ0 = −1 in order for the sum of the components from i = 0 . . .N
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Figure 3.4: Solution for the metastable distribution generated by equa-
tion 3.67 for N = 30. The distribution is asymptotically a
Gaussian function because the diffusivity is smooth. Near
ρ2 = 1/2, which is the mean, the diffusivity can be approxi-
mated by a constant, which yields a Gaussian.

to be zero. If we take i = 0 in the eigenvalue problem, we find that

λφ0 = φ0 + q
(2)
2 φ2. (3.69)

For φ0 = −1, we have that 1−λ = q
(2)
2 φ2. Substituting this into equation 3.68 gives

E[τ ] =
N − 1

2φ2
(3.70)

where φ2 is easily found by 3.67 and 3.65. Figure 3.5 compares simulation data

against the results in equation 3.70.
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Figure 3.5: Simulation data (◦) of the consensus time averaged over 500
runs is plotted against the exact solution shown in blue, given
by equation 3.70. The horizontal axis is on a linear scale and
the vertical axis is on a logarithmic scale. The apparent linear
relationship indicates the exponential nature of the consensus
time.



CHAPTER 4

Solution of Urn Models on Incomplete Networks

In the previous chapters, we considered social models on the complete graph, in

which every node is connected to every other node. This corresponds to the mean

field analysis, which suggests that network effects neglected. Although the mean field

network case is valid in many cases [12], the effect of an incomplete network structure

isn’t always negligible [21–23, 42, 46–49]. We examine here some of these cases in

which the network topology has a significant role in the system. In particular, we

consider bipartite models and scale free models.

We offer a natural extension of the 2-urn models on networks by using a

“speaker-listener” interpretation. The first ball that is chosen in the 2-urn process

can be thought of as a randomly chosen node in a network. Now, instead of drawing

a random second node anywhere in the network, choose a node that is connected to

the speaker instead. This constitutes the listener, which would be the second ball in

the 2-urn construction. The nodes then update their states according to the states

of the listener and speaker. As with the 2-urn models, we first consider the voter

model, and then more general parameterized cases. These networks are of particular

interest because we reduce the dynamics of the model to a multi-urn model, where

there is a pair of urns for each degree k in the network.

4.1 Voter Model on Complete Bipartite Graphs

Here, we will consider the complete bipartite graph. In this case, nodes in the

network are separated into two groups. Every node in one group is connected to

every node in the opposite group [50]. The complete bipartite graph can also be

defined as the complement of two complete graphs. Let N1 be the number of nodes

in the first group and N2 be the total number of nodes in the second group. Also,

let n
(1)
A (m) and n

(2)
A (m) be the number of nodes with opinion A in groups 1 and 2

Portions of this chapter previously appeared as: W. Pickering and C. Lim, “Solution of the

voter model by spectral analysis,” Phys. Rev. E, vol. 91, no. 1, p. 012812, Jan. 2015.

46
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respectively. Letting

a
(m)
ij = Pr{n(1)

A (m) = i, n
(2)
A (m) = j} (4.1)

and

Q(m)(x, y, u, v) =
∑

i,j

a
(m)
ij xi, yN1−iujvN2−j, (4.2)

we can use the procedure laid out in section chapter 2 to find the single step prop-

agator for the model:

[

u(x− y)

NN2
− y(u− v)

NN1

]

Q(m)
yu +

[−v(x− y)

NN2
+

x(u− v)

NN1

]

Q(m)
xv = ∆+mQ

(m). (4.3)

Unlike for the complete graph, the closed form expression for the solution

to the spectral problem for this equation will not be found with these methods.

However, we can apply some assumptions to the system that can reduce propagator

to the region of the (i, j) grid that is diffusion dominant. Then, we wish to find

the approximate size of the spectral gap, since this governs the expected time to

consensus. Since we need to restrict the region to estimate the spectrum, it will not

allow us to find the eigenvectors exactly. As such, the more detailed solutions that

depend on the behavior of the eigenvectors, such as local times, will not be found.

If we take the single step propagator to continuous time, it is known that

the system approaches equilibrium when n
(1)
A /N1 − n

(2)
A /N2 ∼ 0 [21]. Furthermore,

the time to reach this equilibrium state is negligible compared to the time to reach

consensus. Along this line, diffusion governs the motion of the macro-state of the

system instead of drift. We inject this assumption into the generating function
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method by noting that

Q(m)
yu =

∑

i,j

cijj(N1 − i)xiyN1−i−1uj−1vN2−j (4.4)

=
∑

i,j

cijN1N2
j

N2

(

1− i

N1

)

xiyN1−i−1uj−1vN2−j (4.5)

≈
∑

i,j

cijN1N2
i

N1

(

1− j

N2

)

xi−1yN1−iujvN2−j−1 (4.6)

=
∑

i,j

ciji(N2 − j)xi−1yN1−iujvN2−j−1 (4.7)

= Q(m)
xv (4.8)

We substitute Q
(m)
yu in for Q

(m)
xv to obtain the reduced propagator given by

(u− v)(x− y)

N1N2

Q(m)
yu ≈ ∆+mQ

(m). (4.9)

Letting G(x, y, u, v) =
∑

ij cijx
iyN1−iujvN2−j , the spectral problem is given by

(u− v)(x− y)Gyu ≈ N1N2(λ− 1)G. (4.10)

Let s = u − v, r = x − y, and H(r, y, s, v) = G(x, y, u, v). As with the complete

graph, this is a linear transformation, so we expect solutions of the same form:

H(r, y, s, v) =
∑

ij bijr
iyN1−isjvN2−j. The differential equation becomes

rs(Hsy −Hrs) ≈ N1N2(λ− 1)H. (4.11)

The corresponding difference equation for the coefficients, bij , is

j(N1 − i+ 1)bi−1,j − ijbij ≈ N1N2(λ− 1)bij . (4.12)

With similar arguments for the complete graph, we require a singularity in this

difference equation so that the solution is not trivial. Also, we assume that both

sides of 4.12 agree to within an O(1) factor since this is an approximation of the

propagator. So, we write that O(ij) = N1N2(λ − 1). Taking i, j to be small yields
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the approximate size of the spectral gap:

λij = 1− O

(

1

N1N2

)

. (4.13)

Note that in procedure, the same spectrum would be recovered if one were to

use Gxv instead of Gyu in equation 4.10.

We can find the moments of consensus times by using equation 2.47 from

chapter 2. Taking p = 1, this suggests that the expected time to consensus is

O(N1N2/N). This is consistent with continuous time analysis, which shows that

the expected number iterations to reach consensus is

E[τ ] =
4N1N2

N

[

(1− ω) ln
1

1− ω
+ ω ln

1

ω

]

, (4.14)

where ω is the degree weighted mean of microstates [21]. As before, this bound

is valid for all initial probability distributions. However, without detailed informa-

tion about the eigenvectors, we cannot extract more detailed information about the

propagator than the bound on moments of consensus time.

4.2 Voter Model on Uncorrelated Degree Sequence Net-

works

Here we will look into the spectrum when the Voter model is imposed on net-

works with arbitrary, fixed degree sequences. The expected time to reach consensus

on these networks is known to be O(Nµ2
1/µ2), where µ1 and µ2 are the first and

second moments of the degree sequence respectively [21, 22]. We shall verify this

result by investigating the spectrum of the transition matrix, which we have shown

to give control over the expected time to consensus. Furthermore, we can utilize

this solution to find the moments of consensus time.

To begin, we establish the following notation. Let n ∈ Z
N
2 be a vector con-

sisting of the microstates of each node in the network. Components of n take value

1 when the node has state A and takes value 0 when it has state B. Let A be the

adjacency matrix of the network, and k ∈ R
N contain the degrees of each node.

Also, let component k of nA(m) be the number of nodes with degree k that have
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opinion A. Let Nk be the total number of nodes with degree k. We also take {ei}Ni=1

to be the standard basis vectors for RN .

Let a
(m)
α = Pr{nA(m) = α}. Then, the single step propagator is found to be

∆+ma
(m)
α =

∑

k

[pkα−eka
(m)
α−ek

− (pkα + qkα)a
(m)
α + qkα+eka

(m)
α+ek

]. (4.15)

Here, the transition probabilities are

pkα =
1

Nk

∑

i∈K

Aei · n(1 − ni) (4.16)

qkα =
1

Nk

∑

i∈K

Aei · (1− n)ni, (4.17)

where K is the set of all nodes with degree k. As with the complete bipartite

graph, let us assume that the system is diffusion driven. The system will quickly

approach this state in O(N) steps and move towards consensus on a much slower

time scale [21]. Furthermore, we replaceA with the mean over all adjacency matrices

to give an expected time to consensus over random networks. This suggests that we

take

Aij →
kikj
Nµ1

. (4.18)

With these assumptions, we require that for each k,

αk

Nk

≈ k · n
Nµ1

(4.19)

qkα ∼ pkα ∼ αk(Nk − αk)

NNk

. (4.20)

The approximation sign in equation 4.19 is in the sense that both sides agree to

within an O(1) factor. Using these simplifications, we now write the reduced prop-

agator as

∆a(m)
α ∼

∑

k

∆2
k(pkαaα). (4.21)

Here, ∆2
k is the second centered difference operator over αk. Let N be a vector
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with components Nk. We can write the reduced propagator in generating function

form by letting

Q(m)(x,y) =
∑

α

a(m)
α xαyN−α. (4.22)

Here, the vector powers of x,y is the multi-index notation, defined by xα =
∏

i x
αi

i

[51]. We can write the reduced propagator in terms of this function and obtain the

following equation for the spectral problem:

(λ− 1)G ∼
∑

k

(xk − yk)
2

NNk

∂2G

∂xk∂yk
. (4.23)

Here, G takes the same form as Q(m), and the coefficients are approximate values

of the eigenvectors as we had done before. To solve this, let uk = xk − yk and

G(x,y) = H(u,y) to obtain

(λ− 1)H ∼
∑

k

u2
k

NNk

(

∂2H

∂uk∂yk
− ∂2H

∂u2
k

)

. (4.24)

This translates to the finite difference equation for the coefficients of H :

(λ− 1)bα ∼
∑

k

[

(αk − 1)(Nk − αk + 1)bα−k

NNk

− αk(αk − 1)bα
NNk

]

. (4.25)

By requiring that there is a singularity in the difference equation, we find a

general form of the spectrum as

λ ∼ 1−
∑

k

αk(αk − 1)

NNk

(4.26)

≈ 1−
∑

k

(

αk

Nk

)2
Nk

N
. (4.27)

To proceed, we need to apply the restriction on αk/Nk given in equation 4.19.

In particular, we are looking for small values of αk, which will maximize λ such that

λ < 1. Notice that when αk is small and non-zero, we find from equation 4.19 that
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αk

Nk

= O

(

k

Nµ1

)

(4.28)

Use this in equation 4.27 to find that

λ ≈ 1− O

(

1

N2µ2
1

∑

k

k2Nk

N

)

(4.29)

1− λ = O

(

µ2

N2µ2
1

)

. (4.30)

This gives an asymptotic approximation of the spectral gap. The calculation

for finding the moments of consensus time given in chapter 2 can be applied here to

attain the result given in equation 2.47. For the expected time to consensus, this

result states that E[τ ] = O
(

µ2

1

µ2

N
)

, which is consistent with known results regarding

consensus times on uncorrelated heterogeneous networks [21, 22].

For each network that we consider, we test the analytical result for the mo-

ments of consensus times against Monte Carlo simulation data. To this end, we

conduct two simulations. In the first simulation, we take N = 100, and run the

model 100 times for each network we have considered. For the bipartite graph, we

fix N1 = 4N2 in all simulations. For the uncorrelated network, we use the Erdős

Rényi model with the probability of linking two nodes set to be 5/N [6]. We let

Tp be the numerical result for the pth moment of consensus time for the complete

and bipartite simulations. For the Erdős Rényi networks, we normalize the time to

consensus by µ2
1/µ2 prior to computing Tp. We do this since equation 2.47 predicts

that there is a linear relationship between ln(Tp/p!) and p in each network. In figure

4.1, we see that the simulation provides a linear agreement between these quantities.

The second simulation that we provide tests the asymptotic relationship be-

tween an arbitrary moment of consensus time with N . For each network, we simulate

the voter model for N = 10, 20, ..., 100. For each of these values of N , we run the

model 100 times and numerically compute the 5th moment in each case. This is to

test the dependence of the moments of consensus time with N . In equation 2.47, we
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Figure 4.1: Monte Carlo simulation of the voter model on the complete
graph, complete bipartite graph, and uncorrelated networks.
We fix N = 100 and let p range from 1...10. We expect each
network to exhibit linear behavior in the moment p.

expect to see that there is a linear relationship between ln(Tp/p!) and lnN . Further-

more, since we take p = 5 for each N , we expect that the slope should be about 10

in each case. Figure 4.2 shows that the trend is in fact linear and that the prediction

about the slope is accurate.
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Figure 4.2: Monte Carlo simulation of the voter model on the com-
plete graph, complete bipartite graph, and Erdős Rényi net-
works. In this simulation, we fix p = 5 and let N range from
10, 20, ..., 100. In addition, a reference line of slope p is plotted,
which is the prediction given by the theory.

4.3 Extension of the 2-Urn Models on Networks

In the above analysis, we considered social models exclusively on the complete

graph. It has been observed that the ordering dynamics of the Naming Game

– a similar social model – do not significantly change when comparing real world

networks against complete graphs [12]. This gives great credibility to using complete

graph analysis on sparse real world networks. However, the use of a fully connected

graph may not be an accurate approximation of the dynamics on certain networks.

For the voter model, which is a case of the above general social framework, the

system orders differently based on network structure [15, 21, 22, 42].

The structure of the 2-urn models yields a natural extension to incomplete
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Table 4.1: Parameters of the Network Model

Input
AA AB BA BB Output
− α12 α11 γ1 AA
β22 − r0 α21 AB
β21 r1 − α22 BA
γ2 β11 β12 − BB

graphs. Each node has one of two states: A or B. For the general network model,

we choose a node randomly and the choose a random neighbor. The nodes then

update their spins with probabilities that depend on the order that the nodes were

selected and their spins. We now have twelve parameters that characterize each

model, each of which are transition probabilities. Table 4.1 shows the probability

of accepting a particular update as a function of the spins and the order. So, if the

first node has state B and the second node has state A, then the probability that

they both become A is α11. For parameters that have two subscripts (e.g. α11), the

second digit refers to which node is updated. The first digit is for consistency with

the complete graph notation.

These models have a very wide range of applications. For instance, the voter

model has α11 = β11 = 1 and all others zero, while the invasion process has α12 =

β12 = 1, and all others equal to zero [21]. Generalized versions of the Moran model

that include mutations have parameters β21 = µ1, α21 = µ2, β11 = 1 − µ2, and

α11 = 1 − µ1 [52]. We can also cast movement of individuals, or particles, by

interpreting state A as occupied and B as unoccupied. Of particular interest in

the literature is the coalescing random walk, in which particles move from site to

site and cluster together when moving into an occupied site [30, 42, 53]. This is

accomplished in our framework by r1 = 1, β21 = 1 and all other parameters set to

zero. The annihilating random walk is similar to the coalescing random walk, but

is characterized by the fact that the two particles are removed if one moves into an

occupied site [53, 54]. This is given by r1 = 1, γ2 = 1 and all other parameters set

to zero. Furthermore, we can consider directed networks which determines the flow

of information throughout the network. These represent a fraction of the possible
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applications of the general network model.

Clearly not all parameter configuration on all networks can be solved as swiftly

and concisely as the above 2-urn models. Even a generalize treatment of each case

is beyond the scope of this manuscript. However, we explore some of the previous

examples imposed on a popular class of networks that we call uncorrelated degree

heterogeneous networks. These are random networks that are generated with a

given, fixed degree sequence. The network is then chosen uniformly from the set of

all graphs with that degree sequence [21, 55–58].

4.3.1 Consensus Model: Listener First

Here we explore a model of consensus formation on the above random networks.

We interpret the situation in the following way. During a single update, the first node

that is chosen is called the “listener”. This individual chooses one of its neighbors

to be the second node, called the “speaker”. Then, we assume that only the listener

is allowed to update its state. We also assume that consensus of the B state is an

absorbing macrostate. That is, if every node is in state B, every node will remain

in state B with probability 1.

Now we express these ideas as a parameter configuration in the above frame-

work. Since only the first node – the listener – is allowed to change its state in an

update, we set α12 = γ1 = β22 = r0 = r1 = α22 = γ2 = β12 = 0. By assumption,

consensus of B is an absorbing state, so we additionally take α21 = 0. This leaves

us with parameters α11, β21, β11. We then drop the second digit in the subscripts

since it is implied that only the first node is allowed to change. This corresponds to

a 3-parameter system: α1, β2, β1.

We wish to express the transition probabilities of the system in terms of known

quantities. First, we must establish the notation used in the following discussion.

Let A be the adjacency matrix of the network and let Nk be the number of nodes

with degree. Also let ki be the degree of node i and let k be a vector with components

ki. Let ηi = 1 if node i has state A and ηi = 0 if node i has state B. The vector η

takes components ηi. Similarly, let nk be the number of nodes of degree k of state A

and n takes components nk. Also, let ρk = nk/Nk and ρ =
∑

k nk/N . Let Dk be the
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set of all nodes with degree k. Let µp be the pth moment of the degree distribution

of the network, which is given by

µp =
∑

k

Nk

N
k. (4.31)

Also, we define the quantities zp to expected value of the microstate of the system,

whose probability measure is proportional to the degree to the pth power. This is

written explicitly by

zp =
kp · η
Nµp

. (4.32)

Here, kp is the component-wise power of k. That is, the ith component of kp is kp
i .

Finally, we can express the transition probabilities of the network model:

Pr{∆nk = 1} =
∑

i∈Dk

∑

j

α1Aij

Nki
(1− ηi)ηj (4.33)

Pr{∆nk = −1} =
∑

i∈Dk

∑

j

Aij

Nki
[β1ηi(1− ηj) + β2ηiηj ]. (4.34)

Now we make a mean-field assumption and replace Aij with mean adjacency

matrix of the uncorrelated degree heterogeneous networks [21]. Since the edges of

the network are uncorrelated, the probability that nodes i and j have an edge is

proportional to their respective degrees. The expected value of the components of

the adjacency matrix, therefore, is

E[Aij] =
kikj
Nµ1

. (4.35)

Upon substitution of Aij → E[Aij ] and simplification, we express the transition

probabilities succinctly as

p(ρk, z1) = α1
Nk

N
(1− ρk)z1 (4.36)

q(ρk, z1) = β1
Nk

N
ρk(1− z1) + β2

Nk

N
ρkz1. (4.37)
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We use the transition probabilities to generate an ODE for the time evolution

of the expected value of ρk. Taking ˙̄ρk ∼ E[∆ρk/(1/N)], we acquire the following

ODE system:

˙̄ρk = [α1(1− ρ̄k)− β2ρ̄k]z1 − β1ρ̄k(1− z1) (4.38)

Note that this system is coupled together only by the variable z1. We will first show

that ρk → z1 as the system evolves. This is found by expressing the equation for

˙̄ρk − ż1. To do so, we need ż1. Multiplying equation 4.38 by Nk

Nµ1

and summing over

k gives

ż1 = [α1(1− z1)− β2z1]z1 − β1z1(1− z1) (4.39)

Note that equation 4.39 can be solved, with solution

z1(t) =
ω(1 + ω)−1

1 +
(

ω
(1+ω)z1(0)

− 1
)

e−(α1−β1)t
. (4.40)

where ω is given in Eq 3.47. Note that when ω > 0, z1 → 0 as t → ∞. When ω < 0,

we have z1 → ω(1 + ω)−1 instead. This solution holds only if ω 6= 0. The point

ω = 0 is a bifurcation point, in which the solution is

z1(t) =
[

β2t + z1(0)
−1
]−1

. (4.41)

Once we show that each ρk → z1, we will have explicit solutions of each ρk. Now,

˙̄ρk − ż1 can be expressed as

˙̄ρk − ż1 = −(ρ̄k − z1)[(α1 + β2)z1 + β1(1− z1)] (4.42)

Note that the expression in the bracket of Eq 4.42 is always positive and bounded

away from 0. Therefore, equation 4.42 shows an exponential convergence of ρ̄k to

z1 for each k. This principle is depicted in figure 4.3.

Now that we understand how the system orders, we now calculate the con-

sensus time, T (ρ), where ρ takes components ρk. The procedure is to relate the

problem to a complete graph and then use previously established techniques. To

simplify this, we take α1 = β1 = β2 = 1. We first establish the backwards equation
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Figure 4.3: The listener only consensus model is simulated for a network
with N = 3000 with N10 = N25 = N50 = 1000. The model
was simulated with α1 = β1 = β2 = 1. The initial condition
is ρ10 = 1, ρ25 = 0.5, and ρ50 = 0. Also plotted is the exact
solution for z1 given by equation 4.41. This shows that each
ρk converges to z1 as the system evolves.

for T :

− 1

N
=
∑

k

{

q(ρk, z1)T (ρk − 1/Nk) + [1− q(ρk, z1)

− p(ρk, z1)]T (ρk) + p(ρk, z1)T (ρk + 1/Nk)

}

(4.43)

We expand T to two terms as express the forward equation as

−1 =
∑

k

(

vk
∂T

∂ρk
+

Dk

2Nk

∂2T

∂ρ2k

)

(4.44)
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where

vk = (1− ρk)z1 − ρk(1− z1)− ρkz1 (4.45)

Dk = (1− ρk)z1 + ρk(1− z1) + ρkz1 (4.46)

Now we use the fact that each ρk converges to z1 exponentially for each k. That is,

we take each ρk = z1 and substitute into the backward equation for T . The change

of variables affects the derivatives, giving

∂

∂ρk
→ kNk

Nµ1

∂

∂z1
. (4.47)

Now the backward equation is

−1 =
∑

k

[

v(z1)
kNk

Nµ1

dT

dz1
+

k2Nk

2N2µ2
1

D(z1)
d2T

dz21

]

. (4.48)

Here,

v(z1) = −z21 (4.49)

D(z1) = 2z1(1− z1) + z21 (4.50)

This simplifies to

−1 = v(z1)
dT

dz1
+

µ2

2Nµ2
1

D(z1)
d2T

dz21
. (4.51)

Note that equation 4.51 has exactly the same form as equation 3.54, which we

have solved exactly. The primary difference is the appearance of µ2/µ
2
1. To solve

this, we follow the same procedure as the complete graph model and simply replace

N with N
µ2

1

µ2

. This gives that the consensus time is

T ∼
√

π3

8

Nµ2
1

µ2
. (4.52)

There are a few things to note about this equation. Firstly, the form of the solution
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can be separated into the complete graph solution in equation 3.64 multiplied by

the topological parameter
√

µ2
1/µ2. This may indicate that similar network models

can be decomposed into a separable solution. That is, the consensus time for some

models might be decomposed into the complete graph solution multiplied by an

appropriate topological parameter. Secondly, the fact that µ2
1/µ2 ≤ 1 indicates that

sparse network topology only decreases the time to consensus. This implies that the

complete graph solution is an upper bound for the consensus time for these models.

Figure 4.4 depicts this solution for the complete graph and two scale free networks.
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Figure 4.4: Solutions for the consensus time given by equation 3.64 com-
pared with simulation data. The lines are the theoretical pre-
diction and the points are simulation data averaged over 1000
runs. Three networks are considered: the complete graph
(black, ◦), and two scale free networks with ν = 1 (blue, △)
and ν = 2 (red, +).
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4.3.2 Consensus Model: Speaker First

We now consider a different model from the above listener first model. Instead

of assigning the first node to be the listener, we designate the first node to be the

speaker. The speaker then chooses a neighbor (the listener) to convey its message

to. We assume that only the listener updates their state based on this interaction.

We also assume that consensus is an absorbing state, as in the listener first case.

These assumptions produce a model with parameters α12, β12, β22. All other

parameters equal zero, and for convenience, we drop the second subscript. We briefly

outline the analysis, as it follows the same paradigm as the listener first model. The

transition probabilities for the model are given by

Pr{∆nk = 1} =
∑

i

∑

j∈Dk

α1Aij

Nki
ηi(1− ηj) (4.53)

Pr{∆nk = −1} =
∑

i

∑

j∈Dk

Aij

Nki
[β1(1− ηi)ηj + β2ηiηj ]. (4.54)

We substitute Aij → E[Aij ] and simplify the transition probabilities to obtain

pk(ρk, ρ) = α1
k

µ1

Nk

N
ρ(1− ρk) (4.55)

qk(ρk, ρ) =
β1k

µ1

Nk

N
(1− ρ)ρk +

β2k

µ1

Nk

N
ρρk (4.56)

We now generate the mean field ODE system for ρ̄k, and obtain

˙̄ρk =
k

µ1
[α1ρ(1− ρk)− β1(1− ρ)ρk − β2ρρk] (4.57)

To simplify the analysis, we take α1 = β1 = β2 = 1. Note that the rate of change is

proportional to k. We now multiply equation 4.57 by Nk

kNµ−1

and sum over k. Since

α1 = β1 = 1, this yields

ż−1 = − 1

µ1µ−1

ρ2 (4.58)

Since z−1 is monotonically decreasing, the system will globally converge to ρk = 0.

This indicates that the convergence is very slow if the system is near consensus.

This is due to the fact that the parameters are chosen at a phase transition, similar
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to the complete graph. The slow convergence is also indicative of a stable center

manifold. Linearizing the system for ˙̄ρk around ρk = 0 gives

˙̄ρk =
k

µ1

(ρ− ρ̄k) (4.59)

This system has a Jacobian matrix given by

∂ ˙̄ρk
∂ρ̄l

=
kNl

Nµ1

l 6= k

∂ ˙̄ρk
∂ρ̄k

=
k

µ1

(

Nk

N
− 1

)

.
(4.60)

It is a simple exercise to show that 1 is an eigenvector of the above Jacobian,

whose eigenvalue is 0. In addition, by the Gershgorin circle theorem [59], all other

eigenvalues have negative real part. This indicates that the system tends to the

center manifold near consensus, and the system then converges slowly to consensus.

Furthermore, the eigenvector 1 indicates that each ρk tends to the same value.

Making this substitution into equation 4.58 gives

ż−1 = − 1

µ1µ−1

z2−1, (4.61)

which has solution,

z−1 =

(

C +
t

µ1µ−1

)−1

(4.62)

for some constant C. Now, we determine the consensus time by writing the back-

wards equation for T . The equation takes the form given in equation 4.44, however

vk and Dk are given by

vk =
k

µ1

[ρ(1 − ρk)− (1− ρ)ρk − ρρk] (4.63)

Dk =
k

µ1
[ρ(1 − ρk) + (1− ρ)ρk + ρρk]. (4.64)

We now apply the idea that each ρk tends to a common value given by the slow
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variable z−1. We make the change of variables ρk = z−1. The partial derivatives are

now transformed by
∂

∂ρk
→ k−1Nk

Nµ−1
(4.65)

Substituting these into equation 4.44 yields the ODE for the consensus time given

by

−µ1µ−1 = v(z−1)
dT

dz−1
+

1

2N
D(z−1)

d2T

dz2−1

, (4.66)

where

v(z−1) = −z2−1 (4.67)

D(z−1) = 2z−1(1− z−1) + z2−1. (4.68)

The reduced equation for T is remarkably similar to equation 3.54. Thus, we have

translated the corresponding problem to a 2-urn case with a single topological pa-

rameter µ1µ−1. Following the same steps as the complete graph case, we have shown

that the consensus time for the speaker first model is

T ∼ µ1µ−1

√

π3N

8
(4.69)

It is simple to show that for every degree sequence, µ1µ−1 ≥ 1. This implies that

this sparse graph structure will only slow down the rate of convergence, which is in

contrast to the listener first case which showed a decrease in consensus time. Since

the listener first model converges more quickly, it appears that imposing one’s state

upon others is less effective in achieving consensus than listening to the messages of

others. Also, the solution once again exhibits a “separable” form, in which a single

topological parameter is multiplied by the complete graph solution.



CHAPTER 5

Exact Solution of the Multi-State Voter Model on the

Complete Graph

In the binary case of the voter model studied in chapter 2, each node in a network

is endowed with one of two states. In a single update, a node is chosen randomly

and adopts the state of a randomly chosen neighbor. Although the model typically

specifies that the states are binary, we study the case in which there are initially

M states [41,60–62]. This is only one avenue of extended study of the voter model.

Other variants that have been considered include nonlinear update probabilities

[63–67] and the introduction of committed minorities (zealots) [68,69]. The majority

vote model is similar to the voter model, with the key difference being that the

opinion of every neighbor is considered during an update [70–72].

We assume that M can take any value from 2 to N , where N is the number

of nodes in the network. As the system evolves, it inevitably eliminates a state

completely. That is, there will almost surely be M −1 distinct states in the network

at some finite future time. This process is repeated until consensus is reached and

one opinion dominates the network.

We solve this model by casting it as an equivalent urn model. Unlike the binary

voter model, there are M urns in the system, but the interaction rules remain the

same. Using innovative methods of analysis, we will confirm that when M = N , the

expected time to consensus is barely larger than when M = 2 [41]. Furthermore,

it will be shown that O(N) opinion states will be eliminated in O(1) time. These

results indicate that the opinions of individuals quickly condense together into a

few dominating groups and that the system reaches consensus at a much slower

rate. We will also solve for the variance of the consensus time and show that it is

1
3
(π2 − 9)(N − 1)2.

Portions of this chapter previously appeared as: W. Pickering and C. Lim, “Solution of the

multistate voter model and application to strong neutrals in the naming game,” Phys. Rev. E,

vol. 93, no. 3, p. 032318, Mar. 2016.

65
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5.1 The Multi-State Voter Model

We assume throughout that there are N nodes and that every node is con-

nected to all other nodes. We apply the model on the complete graph primarily for

analytical tractability. Each node in the network is initially endowed with one of

M possible opinion states denoted by A1, A2, . . . , AM . We define the components of

n(m) to be total number of nodes with opinion Aj . The voter model prescribes the

random walk for the macrostate vector n. That is, we can write for time step m,









n1(m+ 1)
...

nM (m+ 1)









=









n1(m)
...

nM (m)









+









∆n1(m)
...

∆nM (m)









. (5.1)

Here ∆n contains the random nature of the walk at time step m. In a single

update, ∆ni = 1 and ∆nj = −1 for some i and j, which implies that ∆n = ei − ej

for standard basis vectors ek. The probability that ∆n takes this value is prescribed

by the rules of the voter model and is given by

Pr{∆n = ei − ej |n(m) = α} =
αiαj

N(N − 1)
. (5.2)

This accounts for all lazy steps in the system as well since there is a nonzero prob-

ability that ∆n = 0.

We define the macro-state probability distribution by a
(m)
α = Pr{n(m) = α}.

We now define a generating function for the probability distribution of macro-states

at time step m as

Q(m)(x) =
∑

|α|=N

a(m)
α xα. (5.3)

The vector power is interpreted in the sense of the multi-index notation of Schwartz

[51], which will be used extensively. This generating function allows us to very

easily find a succinct expression for the Markov transition matrix for a single step

of the multi voter model. The form of the generating function allows us to deter-

mine the shift and differentiation properties of Q(m). These properties are given

by
αiαj

N(N−1)
a
(m)
α −→ xixj

N(N−1)
Q

(m)
xixj and a

(m)
α−ei+ej

−→ xi

xj
Q(m) [15, 25–27]. Using these

properties, we can rewrite the spectral problem as an equivalent partial differential
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equation for the generating function of the macro-state probability distribution as

Q(m+1) −Q(m) =

M−1
∑

i=1

M
∑

j=i+1

(xi − xj)
2

N(N − 1)

∂2Q(m)

∂xi∂xj

. (5.4)

This constitutes a transition matrix that we wish to diagonalize. Given the diag-

onalization of the transition matrix, we can find all future macrostate probability

distributions explicitly, which yield several exact solutions. To accomplish this, we

proceed to solve for all of its eigenvalues and eigenvectors.

5.2 Spectral Solution

We can solve the partial differential equation given in equation 5.4 exactly for

all eigenvalues and eigenfunctions. To do this, we write the eigenvalue problem in

generating function form. For eigenvalue λ with eigenvector v with components cα.

Let

G(x) =
∑

|α|=N

cαx
α (5.5)

be the generating function for the eigenvector v. Furthermore, we require that each

component in the vector α is non-negative. This is because the index α directly

represents the number of individuals with each opinion type. We can rewrite the

eigenvalue problem for equation 5.4 as

N(N − 1)(λ− 1)G =

M−1
∑

i=1

M
∑

j=i+1

(xi − xj)
2 ∂2G

∂xi∂xj

. (5.6)

We solve for both λ and G by utilizing a linear change of variables x → u and

G(x) = H(u). Since the change of variables is linear, we expect H to have the same

form as G. So we define bα so that

H(u) =
∑

|α|=N

bαu
α. (5.7)

The change of variables is chosen so that the resulting difference equation for bα is

explicit. Having an explicit equation for bα will allow us to to find all eigenvalues

and eigenvectors exactly. The change of variables that accomplishes this is given to
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be

u1 = x1 − xM (5.8)

... (5.9)

uM−1 = xM−1 − xM (5.10)

uM = xM . (5.11)

With this change of variables we can write equation 5.6 as

N(N − 1)(λ− 1)H =
M−1
∑

i=1

[

u2
i

(

HuiuM
−

M−1
∑

j=1

Huiuj

)

+
M−1
∑

j=i+1

(ui−uj)
2Huiuj

]

. (5.12)

To simplify this equation, we use the following identity:

M−1
∑

i=1

M−1
∑

j=i+1

(u2
i + u2

j)Huiuj
=

M−1
∑

i=1

(M−1
∑

j=1

u2
iHuiuj

− u2
iHuiui

)

. (5.13)

The proof of this identity is given at the end of this chapter. Applying the identity

and canceling like terms reduces equation 5.13 to

N(N − 1)(λ − 1)H =

M−1
∑

i=1

[

− u2
iHuiui

−
M−1
∑

j=i+1

2uiujHuiuj
+ u2

iHuiuM

]

. (5.14)

We now rewrite this as a difference equation for the coefficients of H . By equation

5.7 we obtain

N(N − 1)(λ− 1)bα =

M−1
∑

i=1

[

− αi(αi − 1)bα −
M−1
∑

j=i+1

2αiαjbα + (αi − 1)(αM + 1)bα−ei+eM

]

. (5.15)

Let w(α) =
∑M−1

i=1 αi. We use this to reduce equation 5.15 to an explicit form given



69

by

bα =
(αM + 1)

∑M−1
i=1 (αi − 1)bα−ei+eM

N(N − 1)(λ− 1) + w(α)[w(α)− 1]
. (5.16)

Recall that each αi ≥ 0.

Observe that if equation 5.16 is nonsingular for every α, then every bα = 0.

Since this corresponds to the trivial solution to the eigenvalue problem, we discard

these solutions. Requiring a singularity in equation 5.16 implies that the eigenvalues

for the transition matrix of the M state voter model are

λw(α) = 1− w(α)[w(α)− 1]

N(N − 1)
. (5.17)

Since many values of α will yield the same value for w(α), it is clear that there

will be many repeated eigenvalues. Given that w(α) ranges from 0 to N , the set

of eigenvalues is the same for all values of M . However, the multiplicities of each

eigenvalue will vary with M .

The components of the eigenvectors can be found by transforming back from

H(u) to G(x). This will yield a relationship between cα and bα. Using generating

function techniques, this relationship is given by

cα =
∑

|β|=N

bβ(−1)αM−βM

M−1
∏

i=1

(

βi

αi

)

. (5.18)

Here β is a multi-index that has M non-negative components, similar to α. The

mathematical derivation of equation 5.18 is given at the end of this chapter.

5.3 Applications

With the solution to the spectral problem available, we can exactly calculate

several quantities and estimate others. Below we define and calculate the expected

collapse times, the moments of consensus time, the expected local times, and the

expected number of states over time. We also consider the special case whenM = N ,

which is when all nodes begin with a distinct opinion. The connection between the

spectral problem and these exact solutions is as follows. With all eigenvalues and

eigenvectors, we can explicitly diagonalize the Markov transition matrix for the
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macrostates of the system. The probability of achieving each macrostate governs

each of the following quantities, so having an exact m-step propagator allows us to

exactly calculate these solutions.

5.3.1 Moments of Collapse Times

The collapse times τk are the amount of scaled time m/N until a state is

eliminated from the system. That is, if there are k states in the system, then the

collapse time is the time until only k − 1 states are present. Once eliminated, a

state can never be reintroduced in the system. This process is repeated until each

individual adopts a single consensus state.

Here we estimate the collapse times for each k. We do this by estimating the

probability that k have survived by timem. We call this the survival probability and

denote it by Sk(m). Given that the system is martingale and that the solution of

the spectral problem is known, the survival probability for M states can be bounded

as follows:

Sk(m) = O(λm
k ). (5.19)

One can verify that the dominant eigenvalues are λk by considering the eigenvector

cα = 1 and assuming that the index α corresponds to macrostates where k states

have survived. This eigenvector provides a uniform upper bound for the survival

probability the system.

To find the moments of the time to collapse, we use this to estimate the

probability that the system collapses at time m. This is equal to the difference

between the survival probabilities from time step m− 1 to m. That is, by equation

5.19, the probability of collapse at time m is O[λm−1
k (1 − λk)]. Therefore, we can

write the pth moments of collapse time as

E[τ pk ] = (1− λk)
∞
∑

m=1

O
(

λm
k

(m

N

)p)

(5.20)

= O

{

p!

[

N − 1

k(k − 1)

]p}

. (5.21)
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The estimate varies for various initial conditions, but is asymptotically correct for

all N , k, and p. We will make use of this result when determining the asymptotic

behavior of the moments of consensus time and the expected number of states over

time.

5.3.2 Moments of Consensus Time

The consensus time τ is the amount of scaled time until every individual

adopts a single opinion. All consensus states are absorbing, so once this state has

been achieved, all dynamics in the system halt. We can use the solution to the

spectral problem to find all moments of the consensus time. Furthermore, we will

use estimates to find the asymptotic behavior for large N .

To find the consensus time, we define l(m) to be the probability that the system

reaches consensus at time m. This is equal to the probability that the system has

only one individual that has a different state than all of the others and then adopts

the majority opinion. Therefore, we write

l(m) =
1

N

M
∑

i=1

M
∑

j=1

j 6=i

a
(m)
ei+(N−1)ej

. (5.22)

Given the solution of the spectral problem, we can represent the macrostate proba-

bility as

a(m)
α =

∑

β

dβλ
m
β [vβ]α, (5.23)

where dα is the initial distribution expressed in the eigenbasis. Let

sβ =

M
∑

i=1

M
∑

j=1

j 6=i

dβ[vβ]ei+(N−1)ej . (5.24)

With this, the moments of the consensus time are given by
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E[τ p] =

∞
∑

m=1

l(m)mp (5.25)

=
1

N

∞
∑

m=1

M
∑

i=1

M
∑

j=1

j 6=i

∑

β

dβλ
m
β [vβ]ei+(N−1)ejm

p (5.26)

∼ 1

N

∑

β

p!sβ
(1− λβ)p+1

. (5.27)

This is an exact solution for the moments of consensus time. Note that the

quantity sβ depends on the initial distribution through dα. The eigenvectors, vβ

can be determined componentwise by equation 5.18.

The formula given in equation 5.27 is exact for all N , p, and initial condi-

tions. We now extract asymptotic information about the moments of consensus

time. In particular, observe that the consensus time is the sum of all collapse times.

Therefore,

τ p =

(

M
∑

k=2

τk

)p

(5.28)

=
∑

|γ|=p

(

p

γ

) M
∏

k=2

τγkk . (5.29)

Here γ is a vector with components γ2, . . . , γM . The multi-index notation is used to

denote the multinomial coefficients as well. Also, the collapse times are independent

random variables. So, when taking the expected value of τ p, we obtain

E[τ p] =
∑

|γ|=p

(

p

γ

) M
∏

k=2

E[τγkk ]. (5.30)
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Using the estimate in equation 5.21, this becomes

E[τ p] =
∑

|γ|=p

(

p

γ

) M
∏

k=2

O

{

γk!

[N(1− λk)]γk

}

(5.31)

= p!N−p
∑

|γ|=p

M
∏

k=2

O

[

1

(1− λk)γk

]

(5.32)

= O



p!Np
∑

|γ|=p

M
∏

k=2

[

1

k(k − 1)

]γk



 (5.33)

= O



p!Np2−p
∑

|γ|=p

M
∏

k=3

[

2

k(k − 1)

]γk



 . (5.34)

We take the big O outside of the product because as the system evolves,

the macrostate probability distribution tends to the uniform distribution, which

corresponds to the dominant eigenvalue in the system. This means that the estimate

given in equation 5.21 without the big O is the exact solution. Furthermore, the

moments are bounded by the dynamics when M = N , which is examined in Sec.

5.3.5. The initial condition also may provide further dependence on M , however

this dependence is bounded, which does not affect the validity of the result.

Let

η(M, p) =
∑

|γ|=p

M
∏

k=3

[

2

k(k − 1)

]γk

(5.35)

with

γ = (γ2, γ3, . . . , γM). (5.36)

We can therefore write

E[τ p] = O[p!Np2−pη(M, p)]. (5.37)

We will now provide some of the fundamental properties of η(M, p). Intuitively,

the meaning of η(M, p) is the correction made to the estimate by changing M . First,
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we show that η(M, p) is bounded above:

η(M, p) ≤
∑

0≤γ≤p

M
∏

k=3

[

2

k(k − 1)

]γk

(5.38)

=

M
∏

k=3

1−
[

2
k(k−1)

]p+1

1−
[

2
k(k−1)

] (5.39)

≤
M
∏

k=3

k(k − 1)

k(k − 1)− 2
(5.40)

= 3

(

M − 1

M + 1

)

(5.41)

This result shows that the moments of consensus time can be estimated uniformly

in M by O(p!Np2−p) (See Fig. 1). The dependence on M affects an O(1) factor

of the moments of consensus time that one may not wish to casually ignore. For

instance, when M = 2, we have η(2, p) = 1, whereas η(M, p) ≤ 3 for large M . This

suggests that the uniform estimate can be up to three times as high as the exact

solution as M changes. Furthermore, for fixed M and as p → ∞, the estimate given

by equation 5.41 is exact. Therefore, we have that

η(M,∞) = 3

(

M − 1

M + 1

)

. (5.42)

For the first and second moments, evaluations of η(M, p) are also given:

η(M, 1) = 2

(

1− 1

M

)

(5.43)

η(M, 2) =
2

3
(π2 − 9) + 2

(

1− 1

M

)2

− 2

3M3
+O

(

M−4
)

. (5.44)

Equation 5.43 shows that the expected consensus time is always O(N) regardless of

the number of initial states M . These particular cases will be used explicitly in Sec.

5.3.5 when studying the exact solutions of the moments of the consensus.

For small M , η(M, p) can be easily calculated exactly. For M = 2, 3, 4 we have
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Figure 5.1: Simulation of the voter model for N = 100 and M = 50 on
complete and Erdős-Rényi networks G(N, 1/3) plotted with p.
For each p, the simulation is averaged over 1 000 runs. Since η
is bounded, equation 5.37 predicts a linear relationship with
p with a slope of ln(100) − ln(2) ≈ 3.912. The best fit line for
the data is given, which has slope 3.951. Furthermore, the
data for these sparse networks accurately follow the complete
graph paradigm.

η(2, p) = 1, (5.45)

η(3, p) =
3

2
− 3−p

2
, (5.46)

η(4, p) =
9

5
− 3−p +

6−p

5
. (5.47)

Note that as p → ∞, these solutions for η(M, p) exactly match the upper bound

given in equation 5.41. The dependence on p for each η(M, p) always takes the form
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Figure 5.2: Simulation of the voter model on complete and Erdős-Rényi
networks G(N, 1/3) plotted with lnN . Data are averaged over
2 000 runs with p = 2 and M = 20. For the complete graph,
equation 5.37 predicts a linear relationship between the sec-
ond moment and lnN with a slope of 2. The best fit line for
the data on the complete graph is given, which has a slope
of 2.094. Data for these sparse networks are also accurately
predicted by complete graph results.

of an exponential attraction to the upper bound in equation 5.41.

5.3.3 Expected Local Times

The local time is defined as the amount of scaled time m/N spent at each

macrostate n prior to consensus. If Mα(m) is the number of times state n = α has

been visited by time m, then one can construct a random walk model for each Mα.

That is, we write

Mα(m+ 1) = Mα(m) + ∆Mα(m). (5.48)
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The expected local time, therefore, is E[Mα(∞)] with this notation. Taking the

expected value of equation 5.48 and summing from m = 0 to m = ∞, we get

E[Mα(∞)] = E[Mα(0)] +

∞
∑

m=0

E[∆Mα(m)]. (5.49)

Now Mα(0) = 1 if n(0) = α and 0 otherwise. Therefore, E[Mα(0)] = a
(0)
α , which

is given by the initial condition. Similarly, ∆Mα(m) = 1 if n(m + 1) = α and 0

otherwise. The probability that ∆Mα(m) = 1 is a
(m+1)
α . So, the local time for state

n = α is (see Fig. 2)

E[Mα(∞)] = a(0)α +
∞
∑

m=0

a(m+1)
α (5.50)

=

∞
∑

m=0

a(m)
α . (5.51)

We use the diagonalization given in equation 5.23 to compute this. We ignore the

terms that have eigenvalue 1, however, because these correspond to consensus states.

We only consider nonabsorbing states when considering local time. Let E[M ] take

components E[Mα(∞)]. Therefore, the local time reduces to

E[M ] =
∑

β

λβ 6=1

dβvβ

1− λβ

. (5.52)

The components of M that correspond to consensus states are meaningless, as it

is understood that when the system enters a consensus state, the dynamics halt

entirely. The other components are exactly equal to the expected local time for

their respective macrostates (see Fig. 3).

5.3.4 Expected States Over Time

Given the solution to the spectral problem and the expected collapse times,

finding the expected number of states over time s(t) is straightforward. To do this,

we sum the collapse times τk from k = s + 1 to k = M . Using equation 5.21, we



78

0 5 10 15 20 25 30

0
5

10
15

20
25

30

n1

n 2

0

1

2

3

4

5

Figure 5.3: Example of expected local times for N = 30, and M = 3. The
initial condition is n1(0) = n2(0) = 10. Most of the time is spent
on the boundary where one of the states had been eliminated.
Each macrostate on the boundary has nearly equal local time.

show that the time for s states to exist in the system is

t =
M
∑

k=s+1

O

(

N

k(k − 1)

)

(5.53)

= O

[

N

(

1

s
− 1

M

)]

(5.54)

Here t is interpreted as the scaled time m/N . Solving for S shows that the expected

number of states as a function of time is

s(t) =

(

1

M
+

ct

N

)−1

(5.55)
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for a constant rate c. This result is in agreement with the literature regarding the

multistate voter model [41].

5.3.5 Ordering Dynamics for Uniform Distributions and M = N

While the above solutions hold for all M , N , p, and initial condition a
(0)
α , the

ordering dynamics of the model reduce significantly in the special case where the

initial condition is uniformly distributed. This is because the uniform distribution is

also an eigenvector for all M . The eigenvalue that corresponds to this eigenvector is

λk when there are k distinct opinions in the system. Therefore, the diagonalization

reduces considerably, which allows us to find simplified expressions for the above

quantities.

A special case of a uniformly distributed initial condition is when M = N .

This is when each individual adopts a unique personal opinion state prior to global

discussion. In this case, there is only one possible initial condition and therefore it

is uniformly distributed. Also, notice that in the next iteration of the model, one

state will have been eliminated with probability 1. In this time step, two individuals

will have the same state while the others possess distinct states. The probability

distribution at this time step is uniform (constant). That is, each state is equally

likely to have the two individuals than any other state during the first time step.

We can compute τk exactly for each k for the uniform case. Because the prob-

ability distribution of the macrostates is an eigenvector, the estimates we calculated

above are exact. In particular, the survival probability is given to be Sk(m) = λm
k .

Thus, making this substitution into the derivation given in Sec. 5.3.1, we find that

the expected time to collapse from k states to k − 1 states is given to be exactly

E[τk] =
N − 1

k(k − 1)
. (5.56)

We now use this to find the exact number of states over time. Recall from Sec. 5.3.4

that the time to achieve s states is the sum of collapse times from k = s + 1 to

k = M . Therefore, we obtain
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t =

M
∑

k=s+1

N − 1

k(k − 1)
(5.57)

= (N − 1)

(

1

s
− 1

M

)

(5.58)

Therefore, the expected number of states is given to be

s(t) =

(

t

N − 1
+

1

M

)−1

. (5.59)

When M = O(N), this shows that O(N) states will be eliminated in O(1)

time. For example, take t = 1 and M = N and observe that s(1) ∼ N/2. This

shows that the system retains only half of its initial number of states at t = 1, which

corresponds to a sweep of nodes in the network. For any t = O(1), we find that only

a fraction of the initial number of states remain, so O(N) states were eliminated in

this time. This shows that these systems quickly converge to O(1) states relative to

the consensus time (see Fig. 4).

Taking s = 1, the resulting value of t is the expected time to reach consensus.

Doing so shows that the expected time to consensus is

E[τ ] =
(N − 1)(M − 1)

M
. (5.60)

For M = N , this result also shows that the expected number of interactions between

individuals until consensus is reached is exactly (N − 1)2 and that the consensus

time is close to N . When M = 2, the expected consensus time is at most N ln 2 [21],

which is not much less than the M = N case.

We also expand the methods in Sec. 5.3.2 to find all moments of consensus

time. By combining the observation in equation 5.30 with equation 5.56, we can

find that

E[τ p] = p!(N − 1)p2−pη(M, p). (5.61)

By using equation 5.43, note that the expected time to consensus given in equation

5.60 agrees with this result.
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Figure 5.4: Data for the number of states in the system over time plotted
for the voter model on the complete graph and Erdős-Rényi
networks G(N, 1/3). In each case, we take N = 100 and M = 100
and average the results over 1 000 runs. The exact solution
given by equation 5.59 is also plotted. This numerically sug-
gests that the complete graph paradigm accurately describes
the dynamics on these sparse networks.

To find the second moment of consensus time, we apply equation 5.44 to

equation 5.61 to show that

E[τ 2] = (N − 1)2

[

1

3
(π2 − 9) +

(

1− 1

M

)2

− 1

3M3
+O

(

1

M4

)

]

. (5.62)

Figure 5.5 features this result. We can also use this to find the variance of the
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consensus time. We combine equation 5.62 with the p = 1 case to find that

Var(τ) = (N − 1)2

[

1

3
(π2 − 9)− 1

3M3
+O

(

1

M4

)

]

. (5.63)

This shows that the variance of the consensus time for uniform distributions does not

change much with M . Furthermore, taking M = N , the first term in the expansion

makes for a good estimate, with higher-order terms being O(N−1). So, for M = N ,

we have Var(τ) ∼ 1
3
(π2 − 9)(N − 1)2.
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Figure 5.5: Simulation data for the second moment of consensus time T2

with N = 100 over 30 000 runs. The exact solution given in
equation 5.62 is given as the solid curve. In addition, the up-
per bound found by applying equation 5.39 to equation 5.61
is plotted as the dashed line. The upper bound overestimates
the data by a factor of 1.107 007 at most.
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5.4 Proof of Identity 5.13

Here we prove the identity given in equation 5.13 that was utilized to solve for

all eigenvalues and eigenvectors of the multistate voter model. To begin, consider

M−1
∑

i=1

M−1
∑

j=1

u2
iHuiuj

=
M−1
∑

i=1

(

i
∑

j=1

u2
iHuiuj

+
M−1
∑

j=i+1

u2
iHuiuj

)

. (5.64)

For the first double sum on the right-hand side, we interchange the sums. Because

the sums are dependent, we obtain

M−1
∑

i=1

M−1
∑

j=1

u2
iHuiuj

=
M−1
∑

j=1

M−1
∑

i=j

u2
iHuiuj

+
M−1
∑

i=1

M−1
∑

j=i+1

u2
iHuiuj

. (5.65)

We relabel i ↔ j in the first sum on the right hand side and separate the i = j term

to obtain

M−1
∑

i=1

M−1
∑

j=1

u2
iHuiuj

=
M−1
∑

i=1

(

u2
iHuiui

+
M−1
∑

j=i+1

u2
jHuiuj

)

+
M−1
∑

i=1

M−1
∑

j=i+1

u2
iHuiuj

. (5.66)

Rearranging terms in this equation shows that

M−1
∑

j=i+1

(u2
i + u2

j)Huiuj
=

M−1
∑

i=1

(

M−1
∑

j=1

u2
iHuiuj

− u2
iHuiui

)

. (5.67)

This concludes the proof of the identity of equation 5.13.

5.5 Calculation of Eigenvector Components

In this section we utilize generating function techniques to relate bα to cα.

One strategy is to substitute u → x into the definition of H(u) and combine all

terms together. By definition, this must equal G(x) and so the resulting coefficients

must be cα. For large M , this becomes cumbersome, so we propose a more general

means of finding the relationship for any M using differentiation properties of the

generating functions. In particular, for multi-index derivative operator Dα, where
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|α| = N , we have

DαG(x) =
∑

|β|=N

cβ(β)αx
β−α. (5.68)

Here (β)α is the multi-index Pochhammer symbol, which is defined by (β1)α1
, . . . , (βM)αM

.

Because we defined |α| = N , the only term in the sum that is nonzero is when β = α.

Therefore, DαG = α!cα, where α! = α1!, . . . , αM !. With this observation, we use

the definition of H to obtain

G(x) = H(u(x)) (5.69)

=
∑

|β|=N

bβ

[

M−1
∏

i=1

(xi − xM )βi

]

xβM

M (5.70)

=
∑

|β|=N

bβ

[

M−1
∏

i=1

βi
∑

γi=0

(

βi

γi

)

(−1)βi−γixγi
i x

βi−γi
M

]

xβM

M . (5.71)

Simplifying the expression on the right-hand side gives

G(x) =
∑

|β|=N

bβ
∑

0≤γ≤β

[

M−1
∏

i=1

(

βi

γi

)

xγi
i

]

× (−1)N−βM−|γ|x
N−|γ|
M . (5.72)

Now we take Dα of this equation for |α| = N . We found that on the left-hand side,

we get α!cα. Therefore, we obtain

α!cα =
∑

|β|=N

bβ

[

M−1
∏

i=1

(

βi

γi

)

αi!

]

(−1)αM−βMαM !. (5.73)

Therefore, we find that

cα =
∑

|β|=N

bβ(−1)αM−βM

M−1
∏

i=1

(

βi

γi

)

, (5.74)

which is the desired relationship stated in equation 5.18.



CHAPTER 6

Solution of the K-Word Naming Game: The Effect of

Opinion Diversity

Similar to the urn models on networks and the multi-state voter model, the K-word

naming game on the complete graph reduces to an urn model with more than 2

urns. In the model, there are K words, or opinions, that are present. However,

there are 2K − 1 states that an individual can adopt, since the model assumes that

an individual can adopt multiple opinions simultaneously [7–13]. In this chapter,

we will discuss the effect of large K on social properties of the system, such as the

consensus time and stability [10, 12, 73–75].

The naming game with committed agents can account for several historical

precedents in which the majority opinion was overtaken by a committed minority

(e.g., the suffragette movement in the early 20th century, and the adoption of the

American civil-rights in 1960’s [10]). Such processes are known in sociology under

the term minority influence [76]. When the committed minority fraction of the

population is small, their opinion will still be suppressed by an existing majority

opinion [77]. Yet, when this fraction exceeds a modest tipping point value [10,78,79],

the minority opinion will spread.

To gain these insights into the dynamics of social systems, we solve the critical

problem of complexity for the naming game. For K opinions, the system of ODEs

that describe relative population sizes has 2K − 1 equations, which is numerically

and analytically difficult to study [12]. Furthermore, if the number of opinions also

becomes infinite with N , then these ODE methods fail. By applying more robust

methods of analysis, we solve the problem of exponential complexity, and by doing

so, demonstrate the potential of solving other highly complex systems by these

means.

In the model, there are K words (opinions), which we call A1, A2, . . . , AK .

Portions of this chapter previously appeared as: W. Pickering, B. K. Szymanski, and C. Lim,

“Analysis of the high dimensional naming game with committed minorities,” Phys. Rev. E, vol.

93, no. 5, p. 052311, May 2016.
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There are N individuals, each with a word list, which is a set of words. The individu-

als update their word lists as they change their opinions in response to messages from

others. We also assume that any individual may speak to any other individual. This

means that the social network considered here is a complete graph, which is a com-

mon assumption and corresponds to mean-field network analysis [10, 12, 13, 80, 81],

although other networks have also been considered [82, 83]. It has been observed

that dynamics of the naming game on real world networks are qualitatively similar

to complete graph results [12].

Time is discretized so that one interaction of individuals takes place within

a time step. In one step, an individual is chosen uniformly at random to be the

speaker and another is chosen uniformly at random as the listener. Let Ws and Wl

be the word lists of the speaker and the listener respectively. The speaker chooses a

random word, As ∈ Ws, to transmit to the listener. If none of the two is committed,

they update their word lists according to the following rules:

1. If As 6∈ Wl, then Wl → Wl ∪ {As}.

2. If As ∈ Wl, then Ws,Wl → {As}, {As} [8].

In addition, we also may include committed agents (aka zealots) in the system.

They never update their word lists and only adopt a single word. We consider two

cases when these committed minorities are present. We first consider the case when

there are n′ zealots of one word. Then, we consider the case when there are n′ zealots

for each word. We show below that there are similar rates of convergence for both

cases. The critical fraction of committed agents is the value of n′/N that yields a

phase transition in the system. When this fraction of zealots is below this critical

value, the opinion of the committed minorities will be suppressed by the majority.

When the committed fraction is above the critical value, the minority opinion over-

comes the majority. We are also interested in the time until all individuals have the

same opinion, which we define as the consensus time.

The measurement of diversity of opinion that we first consider is the entropy

of the system. The Shannon entropy in particular measures the uncertainty of a ran-

dom variable, such as a message [40]. If the message has high Shannon entropy, then
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a listener has a significant probability of hearing a diverse range of opinions. This

also means that there greater competition among the opinions for dominance in the

system. There is more dissent, disorder, and disagreement in high entropy systems.

Low entropy systems have more consistency in the messages that are transmitted, so

there is more agreement and less diversity. These systems are predictable, ordered,

and united. Let the probability of speaking As be Ps. The Shannon entropy of the

system is

H = −
K
∑

s=1

Ps lnPs. (6.1)

We take the natural logarithm in Eq. 6.1 for convenience. We aim to demonstrate

the following principle:

1. The consensus time is expected to increase as H increases.

2. The critical fraction of committed agents is expected to decrease as H de-

creases.

In the case of the voter model with two opinions, the consensus time on the

complete graph is exactly equal to H scaled by N [21], which reinforces the above

principle. If there is greater dissent in a population, then it is also easier for a

minority of zealots to dominate the system. This reinforces the rule if divided then

conquered since it is easier to dominate the system in the presence of internal conflict.

These claims are demonstrated in Fig. 6.1.

The rate of convergence is central to the solutions that we obtain. Below, we

show that for each case we consider, the dominant eigenvalues can be estimated by

λ = 1−O

(

K(θ + n′)

N2

)

, (6.2)

where θ reflects the state of the system. Even though the naming game is nonlin-

ear, it is shown that the propagator can be subdivided into a sum of many linear

operators. This is shown at the end of the chapter.

We start with the simple case when the system does not have committed

minorities. Also, we assume that each word has near equal representation in the

initial condition. Now, θ can be as large as O(N) since the system saturates itself
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Figure 6.1: Plots of the consensus time (top) and the critical number
of zealots (bottom) against the Shannon entropy of various
initial conditions. A committed minority of word A1 is intro-
duced only in the bottom figure. Data are shown for N = 200,
K = 20 (◦) and N = 400, K = 40 (△).

with O(N) individuals with words lists of length 2 or more. This gives 1 − λK =

O(K/N) as the rate of convergence.

We define the collapse time as the amount of scaled time until a word is

eliminated from the system. Scaled time is the number of discrete time steps divided

by the number of nodes in the network. That is, the scaled time t is defined as

t = m/N . We wish to find the amount of time until a word is expected to be

eliminated from the system, then sum these to calculate the consensus time.

If the system is not near consensus (outer region), then the entire probability

distribution cannot be estimated by the dominant eigenvalue. Instead, we take the

survival probability, which is the probability that there are k words in the system

at time t, and set it to 1/N . When this is the case, it is expected that less than one

individual will have one of the K words. Given that k ≤ K words are present at

scaled time t, the survival probability is λtN
k . So, setting λtN

k = 1/N and solving for
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t gives the collapse time, τ
(outer)
k , which is

τ
(outer)
k = O

(

lnN

k

)

. (6.3)

When the system is near consensus (inner region), the system is diffusion-like. We

use the infinite series to calculate the expected value. That is, the collapse time

near consensus, τ
(inner)
k , is given by

τ
(inner)
k =

∞
∑

m=0

sm
m

N
(6.4)

where sm is the probability of collapse. The probability of collapse is the change in

the survival probabilities: sm ∼ λm−1
k − λm

k [15, 24]. Making this substitution gives

τ
(inner)
k = O

(

1

k

)

. (6.5)

As the system approaches consensus, the lnN factor in the collapse time tends to

O(1) as the system transitions between regions.

We estimate the number of words in the system over time as well as the time

to consensus by summing the collapse times for their respective regions from k = S

to k = K. Solving for S(t), which is the number of words in the system over time,

yields

Souter(t) ≤ K exp

(

− αt

lnN

)

(6.6)

Sinner(t) ≤ K exp(−αt). (6.7)

The inner region converges on a faster time scale than the outer region. The conver-

gence will, however, accelerate as the system approaches consensus. These results

are shown numerically in Fig. 6.2.

Now we will estimate the consensus time. For the naming game with two

words, the consensus time is O(lnN) [8,9,11,38]. However, this may increase when

the number of words is large. In accordance to the entropy principle, we assume

that each word is equally represented to acquire an upper bound on the consensus
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Figure 6.2: Semi-log plot of the number of words in the system as a
function of scaled time. Also shown is the best fit for the
inner region, which confirms exponential convergence. The
naming game is averaged over 100 runs with N = K = 100.

time.

To find the consensus time, we estimate the time spent in the outer and inner

regions. We take Eqs. 6.6 and 6.7 with S = 1 and solve for t. Adding these together

gives the consensus time:

E[τ ] ∼ c1 lnN lnK + c2 lnK (6.8)

where c1 and c2 are constants. This is consistent with known information regarding

the case when K = 2, for Eq. 6.8 is O(lnN) for K = 2. It also accounts for cases

when K takes extreme values. For K = O(N), the consensus time increases to

O(ln2 N). An example of an extreme K case is given in Fig. 6.3.

Now we consider two cases with zealots in the system. The first case we
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Figure 6.3: Plot of the consensus time averaged over 50 runs of the nam-
ing game for various N with K = N . Also plotted is the
estimate given in Eq. 6.8 fitted to the data. The best fit
yields c1 ≈ 1.18 and c2 ≈ 2.84.

consider is when there is only a committed minority of a single word. Without loss

of generality, let us say that there are n′ zealots with word A1. It has been shown

for K = 2 that when n′/N ≈ 10% or more, there are enough zealots to quickly turn

an entire population. Otherwise, the system is trapped in a metastable state, and it

takes an exponential time for the population to adopt the zealots’ opinion [10, 12].

We seek to extend this to cases when K is arbitrary. Particularly, we consider

cases when K is large and the spectral method is required to analyze the system.

This problem was briefly discussed in Waagen et al. [12] and their conclusion was

that the same 10% critical fraction holds for all K and initial conditions to guarantee

the zealots dominate the system. Their approach is to consider the worst case

initial conditions and show it reduced to the K = 2 case. The worst case initial
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condition minimizes entropy, and according the the entropy principle above, this

maximizes the number of zealots required. We take the analysis of Waagen et

al. [12] a step further by assuming the opposite scenario for the initial condition:

each uncommitted community is initially of equal size, which maximizes entropy.

Let C be the number of individuals initially with word Ak, where Ak is not

the zealots’ opinion. For the case when there are only zealots of a single type, we

have N = (K − 1)C + n′. For fixed N , this gives a dependence on C in terms of K.

To find the phase transition over n′, the criterion we use is simple. This

occurs when Eq. 6.2 is dominated by a different class of eigenvalues that describe

a stationary distribution. This stationary distribution is the metastable state, and

the system will converge to it if the rate is higher than the consensus rate. Setting

these rates equal to each other gives the phase transition. The rate of convergence

to the metastable state is shown below. Setting these rates equal to each other gives

1− λ =
a

N
+

bK

N2
, (6.9)

where a and b are constants. We take θ = O(1) in 1−λ since the system is initially

dominated by uncommitted words. Taking Eq. 6.9 and solving for n′ gives

n′
c =

aN

K
+ b. (6.10)

Here, a, b = O(1). This tells us that we expect the number of zealots required to

turn a population decays as 1/K to a constant. We express this in terms of C by

substitution. This produces a nonlinearity in n′
c, which we approximate to provide

the following fit:

n′
c =

aNC

N + dC
+ b, (6.11)

where d is another constant. A comparison of this against simulation data is given in

Fig 6.4. This result shows that as the relative sizes of the community grows larger,

it takes more zealots to turn the population.

The case where each opinion has zealots follows by a similar argument. If

n′ < n′
c, then one opinion eventually will suppress all others. When n′ > n′

c, a
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Figure 6.4: Critical fraction of committed agents plotted against C/N for
N = 1000 (◦,△) and N = 500 (+,×). Data for a committed
minority of a single word is shown (◦,+) and the best fit of
Eq. 6.11 in blue. Also shown is the case when there are
committed minorities of every word (△,×) with the fit of Eq.
6.12 in red.

stalemate develops and no opinion gains dominance. We still apply criterion of Eq.

6.9 along with Eq. 6.2 for the phase transition. This means that the dependence

of the critical number of zealots as a function of K has the same form as Eq. 6.10.

However, now we have N = K(C + n′). When substituting K for C, we obtain

n′
c = a′C + b′. (6.12)

We use a′ and b′ to denote different constants from the previous case that are also

both O(1). Fig. 6.4 depicts this relationship in practice.

In addition to this innovative approach, these results take previous analysis
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further by considering the dependence on the initial condition. We demonstrate

that the consensus time and the critical number of zealots have distinct correlations

between the entropy of the state. This reinforces the rule “divide and conquer”,

and also suggest that social systems with great dissent can foster many committed

minority groups that may block each other from reaching a tipping point, which is

high in case of the uncommitted groups sharing a few opinions only. Our results

suggest that high opinion diversity among uncommitted individuals changes the dy-

namics. In such situations, the tipping point can be reached with the number of

committed minority members being small and independent of the system size, mak-

ing the system unstable and quickly transferring to the state in which uncommitted

individuals adopt one of the minority opinions.

6.1 Calculation of Rate of Convergence

Our analysis of the naming game is based on the rate of convergence of the

system. The rate of convergence is given by the dominant eigenvalues of the tran-

sition matrix for the probability distribution of the system. Knowing the rate of

convergence, we can estimate the time until a word is eliminated (collapse time) as

well as the consensus time. For the case with committed minorities, we can also use

this analysis to estimate the number of zealots required until a drastic qualitative

change occurs in the system. This is because, the dominant eigenvalues of the tran-

sition matrix depend on the number of zealots. When the fraction of committed

minorities is high enough, these eigenvalues no longer dominate the ordering of the

system. This means that different eigenvectors determine the overall shape of the

probability distribution over time, and there is a significant change in qualitative

behavior. Once we have the dominant eigenvalues, these solutions become easy to

find.

To find the convergence rate, we first express the transition matrix component-

wise. Let the nW (m) be the total number of individuals with word list W at discrete

time m, and let the vector n take components nW . Also let

a(m)
α = Pr{n(m) = α}. (6.13)
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We seek to express a
(m+1)
α in terms of a

(m)
α . To do this, we must account for all

possible transitions that the model allows. Although this is a complicated task

for the general K word naming game, we follow a simplified model to ameliorate

this issue while keeping the original qualitative properties intact. In the simplified

model, only the listener updates their word list in response to a message from the

speaker, as in [77]. This we call the listener only naming game. In every simulation,

we apply the original naming game rules, which shows that there is still agreement

under this modification.

Since we assume that only one individual changes their word list in a given

time step, an individual with word list W may transition to having word list W ′ or

vice versa. To account for all transitions in the stochastic matrix, we must consider

all pairs of word lists (W1,W2) along with their respective transition probabilities.

Let D be the set of all pairs of word lists. Also let LI [·] be the operator acting on

the current macrostate that accounts for the possible transitions involving word pair

I = (W1,W2). We then write

a(m+1)
α − a(m)

α =
∑

I∈D

LI

[

a(m)
α

]

. (6.14)

We estimate the rate of convergence of the model by the spectral properties of

each LI . Summing all of them together gives the relative magnitude of a
(m+1)
α −a

(m)
α ,

which is the change in probability over a single time step. We wish to find the

smallest change in probability possible that retains K words in the system. Since

each LI corresponds to pairs of word lists that transition to each other, we exhaust

each case of pairs of word lists and find the smallest eigenvalues, many of which are

zero. The meaning of each case is that we only allow the given pair of word lists,

(W1,W2) to change their word lists in a given step.

6.1.1 Case 1: |W1|, |W2| ≥ 2

These cases tend to a stationary distribution that is not the consensus state.

If we only allow a pair of word lists that contain multiple words, then it is impossible

to update the system in such a way that a word is eliminated. The only way for

a word to be eliminated is if a listener is the only holder of it and hears and then
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adopts a familiar word. Since neither W1 nor W2 fit this criterion, we take the

change to be 0 without loss of generality. Note also that this conclusion applies to

the vast majority of cases for large K.

If the system does not converge to consensus, then it converges to the station-

ary distribution acquired from these cases. It is valuable to understand the behavior

of the second largest eigenvalues in these cases, especially when considering zealots.

The rate of convergence to the stationary distribution yields the criteria for the

phase transition as different sets of eigenvectors starts governing the shape of the

system. The stationary distribution in this case is related to the metastable distri-

bution when the number of zealots is small. So, we seek to find the size of the rate

of convergence to this stationary distribution.

The only possible means of transition in this case occurs when W1 and W2

differ by a single word. Otherwise it is impossible for W1 and W2 to transition to

each other. Let W2 = W1 ∪ {Ap} and let Sp be the set of word lists that contain

Ap. Note that there are K different choices for Ap. Let pi be the probability of

transition from W1 to W2 given that nW1
= i, which is given by

pi =





∑

W∈Sp

nW

N |W |





i

N − 1
. (6.15)

Since it is impossible to transition from W2 to W1 in the naming game, this consti-

tutes a triangular transition matrix, whose spectrum is λk = −pk. Let

µp =
∑

W∈Sp

nW

N |W | , (6.16)

which depends on the macrostate of the system and the particular word pair. The

total change in probability comes from the sum of the relative changes for each word.

That is, we sum Eq. 6.15 for p = 1 . . .K. In doing so, we find that the sum of µp is

at most O(1) if the sum of nW achieves its maximum value of O(N). This yields a

total rate of change being proportional to 1/N to leading order.

We are also interested in a second term in total change in probability, as it

is significant for the naming game with zealots. This is attained by supposing that
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the sum over µp does not achieve its maximum value. If each nW is only O(1), then

the sum of µp is O(K/N2). This matches the leading term for K = O(N), but is

smaller for K = O(1). These considerations are utilized when calculating the total

rate of convergence.

6.1.2 Case 2: W1 = {Ak}, |W2| > 2, Ak ∈ W2

Here we only consider transitions in a word list that contains a single word

and a word list that have 3 or more words. The size of the eigenvalues are easy to

find in this case since it is only possible for W2 to become W1. This is because it

is impossible for an individual with only a single word to adopt 3 or more words

in a single step. Mathematically, this case corresponds to a triangular transition

matrix, whose eigenvalues are the diagonal elements. Let pi be the probability that

an individual with word W2 hears word Ak and thus transitions to W1 given that

there are i individuals with W1. Since all other individuals with all other word lists

are considered fixed, let

µ1 =
∑

W∈Sk\{W1∪W2}

nW

|W | , (6.17)

which is considered constant. Now, we express the transition probability as

pi =
(i+ n′)(N ′ − i)

N(N − 1)
+

1

|W2|
N ′ − i

N

N ′ − i− 1

N − 1
+ µ1

(N ′ − i)

N(N − 1)
(6.18)

where N ′ = nW1
+ nW2

, which is conserved here. Also, n′ is the number of zealots

corresponding to the word Ak. The eigenvalues for this case are−pi, and the smallest

eigenvalue that does not correspond to consensus is

λ ∼ −N ′ + µ1 + n′

N2
(6.19)

This can be seen by taking i = N ′−1. Note that µ1 and N ′ captures the dependence

on the state of the system on the relative change in probability.
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6.1.3 Case 3: W1 = {Ak},W2 = {Ak, Al}
Here W1 has only one word and W2 has two words, one of which is Ak for

some k. This is the most dynamic of the cases because W1 can transition to W2 and

vice versa. Because of the listener only assumption, this constitutes a tridiagonal

transition matrix. Let pi and qi be the probability nW1
increases and decreases

respectively, given that nW1
= i. Let

µ2 =
∑

W∈Sl\{W2}

nW

|W | (6.20)

and recall the definition of µ1 from Eq. 6.17. The transition probabilities are then

expressed as

pi =
(i+ n′)(N ′ − i)

N(N − 1)
+

(N ′ − i)(N ′ − i− 1)

2N(N − 1)
(6.21)

+ µ1
N ′ − i

N(N − 1)
,

qi =
i(N ′ − i)

2N(N − 1)
+ µ2

i

N(N − 1)
. (6.22)

To find the rate of convergence for this step, we wish to solve the following eigenvalue

problem

λci = pi−1ci−1 + (−pi − qi)ci + qi+1ci+1 (6.23)

In order to solve for all eigenvalues of this problem, we apply the generating function

method of Ref. [15], which exactly diagonalized the voter model. We begin by

expressing Eq. 6.23 in terms of a generating function G(x, y), which we define as

G(x, y) =

N ′

∑

i=0

cix
iyN

′−i (6.24)

Using shift and differentiation properties of G, we rewrite Eq. 6.23 as

N(N − 1)λG = (x− 1

2
y)(x− y)Gxy + (n′ + µ1)(x− y)Gy

+
1

2
y(x− y)Gyy − µ2(x− y)Gx (6.25)
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We solve this by the change of variables u = x− y and G(x, y) = H(u, y). Here, we

have

H(u, y) =
N ′

∑

i=0

biu
iyN

′−i. (6.26)

Making this change gives the equivalent equation for H :

N(N − 1)λH =

(

u2 − 1

2
uy

)

Huy − u2Huu +
1

2
uyHyy

+ (n′ + µ1)uHy − (n′ + µ1 + µ2)uHu. (6.27)

The above written as a difference equation for the coefficients of H gives

N(N − 1)λbi = −
[

1

2
i(N ′ − i) + i(i− 1) + i(n′ + µ1 + µ2)

]

bi

+ (N ′ − i+ 1)

[

1

2
N ′ +

1

2
i− 1 + n′ + µ1

]

bi−1. (6.28)

This constitutes a lower triangular matrix problem for bi. If there is not a singularity

in bi for some i between 0 and N ′, then all bi = 0, which is trivial. So, assuming

that there exists a singularity at some i = k, we require the bi to vanish. This yields

the following result for the eigenvalues of this case:

λk = −k(k − 1) + 1
2
k(N ′ − k) + (n′ + µ1 + µ2)k

N(N − 1)
. (6.29)

Note that this result depends on the number of committed agents, n′. Each bi can

be found explicitly by Eq. 6.28 by taking bk = 1 and bi = 0 for i < k. We then find

the coefficient of G(x, y) by calculating H(x− y, y). Doing so gives

G(x, y) =

N ′

∑

i=0

[

N ′

∑

j=i

(

j

i

)

(−1)j−ibj

]

xiyN
′−i. (6.30)

The value of ci in terms of bj is given in the bracket of Eq. 6.30. To find the

dominant eigenvalue of this case, take k = 1 in Eq. 6.29, which yields

λ = −
1
2
N ′ + n′ + µ1 + µ2

N2
. (6.31)
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Similar to Eq. 6.19, the change in probability depends on the state of the system.

6.1.4 Total Rate of Convergence

Now that we have results for each case, we put them together to obtain the

convergence rate of the naming game. We will make some assumptions about the

state of the system. First, we assume that initially there is symmetry in the represen-

tation of words. That is, no word initially dominates the other words in accordance

to the applications given above. Second, we assume that for each word, there are

individuals with only this word in their lists. The system quickly orders itself this

way as long word lists are replaced by lists of length 1. This second assumption

allows us to utilize Cases 2 and 3 above when determining the rate of convergence.

The rate of convergence is estimated by the smallest non-zero change given by

the above cases for LI . So, the rate of change of the probability distribution for a

single word, Ak, is

1− λk = O

(

θ + n′

N2

)

, (6.32)

where θ = N ′ + µ1 + µ2, which describes the macrostate of the system. If we take

this to be the total change in probability, then we have implicitly assumed that

there are only two words in the system, and all others have been eliminated. So,

we require that all K words are present in the system and sum the smallest change

in probability given by Eq. 6.32 for each word. By symmetry, the total change in

probability is K multiplied by the right hand side of 6.32. Therefore, the total rate

of convergence is given by

1− λ = O

[

K(θ + n′)

N2

]

. (6.33)

We make use of Eq. 6.33 extensively to determine the collapse time, consensus

time, and the location of a phase transition over the number of zealots. We need

to carefully account for the macrostate of the system when applying Eq. 6.2 due to

the presence of θ. We expect the macrostate of the system to significantly affect the

solution for the consensus time and phase transition.

Now we wish to find the rate of convergence to the metastable state in the
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presence of committed minorities. These are given by Case 1 above. The largest of

these was found to be O(1/N) and the next largest was O(K/N2). Since the rate of

convergence is given by the sum of these cases, we find that the rate of convergence

to the metastable state is

1− λ ∼ a

N
+

bK

N2
. (6.34)

Here a and b are constants. When the convergence rate to the metastable state

exceeds the convergence rate to consensus, the system is trapped in the metastable

state. Otherwise, the system rapidly moves to consensus. This gives the criterion

for the phase transition over n′.
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