10

A Maximum-Likelihood Approach

In voting, the joint decision is made based on the agents’ preferences. Therefore,
in some sense, this means that the agents’ preferences are the “causes” of the joint
decision. However, there is a different (and almost reversed) point of view: there is
a “correct” joint decision, but the agents may have different perceptions (estimates)
of what this correct decision is. Thus, the agents’ preferences can be viewed as noisy
reports on the correct joint decision. Even in this framework, the agents still need to
make a joint decision based on their preferences, and it makes sense to choose their
best estimate of the correct decision. Given a noise model, one natural approach is
to choose the maximum likelihood estimate of the correct decision. The maximum
likelihood estimator is a function from profiles to alternatives (more accurately, sub-
sets of alternatives, since there may be ties), and as such is a voting rule (more
accurately, a correspondence).

This maximum likelihood approach was first studied by Condorcet (1785) for the
cases of two and three alternatives. Much later, Young (1995) and Young (1988)
showed that for arbitrary numbers of alternatives, the MLE rule derived from Con-

dorcet’s noise model coincides with Kemeny’s rule (Kemeny, 1959). The approach
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was further pursued by Drissi-Bakhkhat and Truchon (2004). More recently, Conitzer
and Sandholm (2005a) studied whether and how common voting correspondences can
be represented as maximum likelihood estimators. Truchon (2008) studied a differ-
ent way of viewing Borda as an MLE. We studied the relationship between MLEs
and ranking scoring rules (Conitzer et al., 2009b). Conitzer (2011) took an MLE
approach towards voting in social networks. We studied an MLE approach towards
voting with partial orders Xia and Conitzer (2011b). The related notion of dis-
tance rationalizability has also received attention in the computational social choice
community recently (Elkind et al., 2009a).

All of the above work does not assume any structure on the set of alternatives.
In this chapter, we take an MLE approach to preference aggregation in multi-issue
domains, when the voters’ preferences are represented by (not necessarily acyclic)
CP-nets. Considering the structure of CP-nets, we focus on probabilistic models
that are very weakly decomposable. That is, given the “correct” winner, a voter’s
local preferences over an issue are independent from her local preferences over other
issues, and as well as from her local preferences over the same issue given a different
setting of (at least some of ) the other issues.

After reviewing some background, we start with the general case in which the
issues are not necessarily binary. The goal here is to investigate when issue-by-
issue or sequential voting rules can be modeled as maximum likelihood estimators.
When the input profile is separable, we completely characterize the set of all voting
correspondences that can be modeled as an MLE for a noise model satisfying a weak
decomposability (respectively, strong decomposability) property. Then, when the
input profile of CP-nets is compatible with a common order over issues, we prove
that no sequential voting rule satisfying unanimity can be represented by an MLE,
provided the noise model satisfies very weak decomposability. We show that this
impossibility result no longer holds if the number of voters is bounded above by a
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constant.

Then, we move to the special case in which each issue has only two possible
values. For such domains, we introduce distance-based noise models, in which the
local distribution over any issue ¢ under some setting of the other issues depends only
on the Hamming distance from this setting to the restriction of the “correct” winner
to the issues other than 7. We characterize distance-based noise models axiomatically.
Then we focus on distance-based threshold noise models in which there is a threshold
such that if the distance is smaller than the threshold, then a fixed nonuniform local
distribution is used, whereas if the distance is at least as large as the threshold, then
a uniform local distribution is used. We show that when the threshold is one, it is
NP-hard to compute the winner, but that when it is equal to the number of issues,

the winner can be computed in polynomial time.

10.1 Maximum-Likelihood Approach to Voting in Unstructured Do-
mains

In the maximum likelihood approach to voting, it is assumed that there is a correct
winner d € C, and each vote V is drawn conditionally independently given d, accord-
ing to a conditional probability distribution 7 (V'|d). The independence structure of
the noise model is illustrated in Figure 10.1. The use of this independence structure
is standard. Moreover, if conditional independence among votes is not required, then
any voting rule can be represented by an MLE for some noise model (Conitzer and

Sandholm, 2005a), which trivializes the question.
Under this independence assumption, the probability of a profile P = (Vi,...,V})

given the correct winner d is 7(P|d) = [[;_, 7(Vi|d). Then, the maximum likelihood
estimate of the correct winner is M LE, (P) = arg maxgec m(P|d).
MLE, is a voting correspondence, as there may be several alternatives d that

maximize 7(P|d). Of course we can turn it into a voting rule by using a tie-breaking
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“correct” outcome

FIGURE 10.1: The noise model.

mechanism, but for most part of this chapter, we will study the properties of MLE
correspondences. Another model that has been studied assumes that there is a
correct ranking of the alternatives. Here, the model is defined similarly: given the
correct linear order V*, each vote V' is drawn conditionally independently according

to m(V|V*). The maximum likelihood estimate is defined as follows.

MLE.(P) = arg max m(V|V*
(P) = org g, [] 7V

In this chapter, we require that all such conditional probabilities to be positive

for technical reasons.

Definition 10.1.1. (Conitzer and Sandholm, 2005a). A wvoting rule (correspon-
dence) r is a maximum likelihood estimator for winners under i.i.d. votes (MLEWIV)
if there exists a noise model ™ such that for any profile P, we have that MLE,(P) =
r(P).

Conitzer and Sandholm (2005a) studied which common voting rules/correspondences

are MLEWIVs.

10.2  Multi-Issue Domain Noise Models

In this section, we extend the maximum-likelihood estimation approach to multi-
issue domains (where X = Dy x ... x D,). For now, we consider the case where
there is a correct winner, d e X. We let the voting language to be the set of all
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(possibly cyclic) CP-nets, that is, votes are given by CP-nets and are conditionally
independent, given d. Let CPnet(X) denote the set of all (possibly cyclic) CP-nets
over X. The probability of drawing CP-net A given that the correct winner is d is
7(N|d), where 7 is some noise model. We note that 7 is a conditional probability
distribution over all CP-nets (in contrast to all linear orders in previous studies).
Given this noise model, for any profile of CP-nets Pop = (N, ..., N, ), the maximum

likelihood estimate of the correct winner is

MLE,(P) = arg max H (N d)

dex j=1

Again, M LE, is a voting correspondence.

Even if for all i, |D;| = 2, the number of CP-nets (including cyclic ones) is 272"
(2 options for each entry of each CPT, and the CPT of any issue i has 2P~ entries,
one for each setting of the issues other than 7). Hence, to specify a probability
distribution over CP-nets, we will assume some structure in this distribution so that
it can be compactly represented. Throughout the chapter, we will assume that the
local preferences for individual issues (given the setting of the other issues) are drawn
conditionally independently, both across issues and across settings of the other issues,

given the correct winner. More precisely:

Definition 10.2.1. A noise model is very weakly decomposable if for every de X,

every i < p, and every a_; € D_;, there is a probability distribution ﬂg’i over L(D;),

TN

i<p,d_;eD_; 7rd

so that for everyd € X and every N € CPnet(X), #(N|d) =[]

Xi:(_i,i)
For instance, if D; = {0;, 1;,2;}, wg’i(oi > 2; > 1;) is the probability that the
CP-net of a given voter contains @_; : 0; > 2; > 1;, given that the correct winner is d.

Then, the probability of CP-net N is the product of the probabilities of all its local

preferences Ny, , over specific X; given specific @ ; (which contains the setting
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for X,’s parents as a sub-vector), when the correct winner is d. (We will introduce
stronger decomposability notions soon.)

Assuming very weak decomposability is reasonable in the sense that a voter’s
preferences for one issue are not directly linked to her preferences for another issue.
We note that this is completely different from saying that the voter’s preferences
for an issue do not depend on the wvalues of the other issues. Indeed, the voter’s
preferences for an issue can, at least in principle, change drastically depending on
the values of the other issues. For instance, in Example 8.2.2, the event “the voter
prefers white to pink to red wine when the main course is fish” is probabilistically
independent (conditional on the correct outcome) of the event “the voter prefers beef
to salad to fish when the wine is red.”

However, we do not want to argue that such a distribution always generates
realistic preferences. In fact, with some probability, such a distribution generates
cyclic preferences. This is not a problem, in the sense that the purpose of the
maximum likelihood approach is to find a natural voting rule that maps profiles to
outcomes. The fact that this rule is also defined for cyclic preferences does not hinder
its application to acyclic preferences. Similarly, Condorcet’s original noise model for
the single-issue setting also generates cyclic preferences with some probability, but
this does not prevent us from applying the corresponding (Kemeny) rule (Kemeny,
1959) to acyclic preferences.

Even assuming very weak decomposability, we still need to define exponentially
many probabilities. We will now introduce some successive strengthenings of the
decomposability notion. First, we introduce weak decomposability, which removes
the dependence of an issue’s local distribution on the settings of the other issues in

the correct winner.

Definition 10.2.2. A very weakly decomposable noise model 7 is weakly decompos-
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able if for any i < p, any dy,dy € X such that d]X = d;\XH we must have that for

a—;
2

any a_; € D_;, T = ﬂg’i. Here dy|x, is the X;-component of dy.
1 2

Next, we introduce an even stronger notion, namely strong decomposability, which
removes all dependence of an issue’s distribution on the settings of the other issues.
That is, the local distribution only depends on the value of that issue in the correct

winner.

Definition 10.2.3. A very weakly decomposable noise model 7 is strongly decom-

posable if it is weakly decomposable, and for any i < p, any c?,i,g,i e D, any

b

de X, we must have that W?i =mt

10.3 Characterizations of MLE correspondences

It seems that the MLE approaches are quite different from the voting rules that
have previously been studied in the context of multi-issue domains, such as issue-
by-issue voting and sequential voting. This may imply that the maximum likelihood
approach can generate sensible new rules for multi-issue domains. Nevertheless, we
may wonder whether previously studied rules also fit under the MLE framework.

In this section, we study whether or not issue-by-issue and sequential voting
correspondences can be modeled as the MLEs for very weakly decomposable noise
models. We note that even though MLEs for very weakly decomposable noise models
are defined over profiles of CP-nets, they can be easily extended to deal with profiles
of linear orders in the following way. For each linear order V; in the input profile P,
let \V; denote the CP-net (possibly cyclic) that V; extends. Then, we apply the MLE
rule to select winner(s) from (N, ..., N, ). We recall that voting rules (which always
output a unique winner) are a special case of voting correspondences. Therefore,
our results easily extend to the case of voting rules. First, we restrict the domain
to separable profiles, and characterize the set of all correspondences that can be
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modeled as the MLEs for strongly/weakly decomposable noise models.

Theorem 10.3.1. Quer the domain of separable profiles, a voting correspondence ¢
can be modeled as the MLE for a strongly decomposable noise model if and only if r¢

s an issue-by-issue voting correspondence composed of MLEWIVs.

Proof of Theorem 10.3.1: First we prove the “if” part. Let r° be an issue-by-

issue voting correspondence that is composed of r{,...,r¢

, 75, in which for any i < p, 7§

is an MLEWIV over D; of the noise model Pr(V*|d;), where V' € L(D;) and d; € D;.
Let 7 be a noise model over X defined as follows: for any ¢ < p, any de X , any
@ ;€ D_;and any V' € L(D;), we have that 7%(V;) = Pr(V*|d;). We next prove that

for any separable profile P, we must have that M LE,(P) = r°(P).

n

MLE.(P) =argmax || T (V)
4 i<pd_eD_;j=1

—argmax [ | [ ] Pr((Vilx)ld) >

i<p j=1

Therefore, b e M LE,(P) if and only if for any i < p, we have

7

b; € arg rrbaxﬂ Pr((V;

We note that for any d’ € r(P), we must have that d} = arg max [T;_, Pr((Vilx,)|ds).

Therefore, d € MLE,(P).

Next, we prove the “only if” part. For any M LFE, where 7 is strongly decom-
posable, we define an issue-by-issue voting rule as follows: for any ¢ < p, let r{ be
the MLEWIV that corresponds to the noise model in which for any d; € D;, we have
that Pr(V'|d;) = Wg’i(V"). Similar to the proof for the “if” part, we have that re
and M LE, are equivalent over the domain of separable profiles. ]
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A candidate scoring correspondence ¢ is a correspondence defined by a scoring

function s : L(X) x X — R in the following way: for any profile P, ¢(P) =

arg maxgex Y op S(V, d).

Theorem 10.3.2. Quver the domain of separable profiles, a voting correspondence ¢
can be modeled as the MLE for a weakly decomposable noise model if and only if r¢
s an issue-by-issue voting correspondence composed of candidate scoring correspon-

dences.

Proof of Theorem 10.3.2: First we prove the “if” part. Let r° be an issue-by-

issue voting correspondence in which the issue-wise correspondence over D; is 7y,

-
a_
-

3 *, where the ith component of d is

which has scoring function s;. Let wjj denote 7
d;. Because r is strongly decomposable, wjj is well-defined. For any 7 < p, we claim
that there exists a set of probability distributions W?i, de X ,d_; € D_; over L(D;)
such that for any d; € D;, d; € argmaxpep, [ [}, [ 5 cp._, ﬁg’(VJ|X) if and only if
d; € ¢ (Plx,).

We note that for any scoring function s and any constant ¢, the ranking scoring
rule that corresponds to s is equivalent to the ranking scoring rule that corresponds

to s +t. Therefore, without loss of generality we let s;(V?, d;) < 0 for any i < p, any

Vi S L(DZ), and any dz € Dz Let Kz = ‘DZ‘, L(DZ) = {ll, .. -alKi!}-

Claim 10.3.1. There exist k;, t; € R with k; > 0, such that for any V' € L(D;) and

any d; € D;, we have that ([ [; . wifi(Vi)) = kisi(V',d;) + t;.

Proof of Claim 10.3.1: We let k; be a real number such that for any d; € D;, we

have that Zﬁ’l(exp(si(lj,di)))ki < 1; let ﬁfli = exp(si(l;,d;)). For any d; € D;, any
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faule) Zg )1 (K= 1))

Because Z 1pd < 1, we have that In(1 — Z;i‘flﬁfi) > 1nf)flfi! = kisi(lg,, d;).

Therefore, fq,(1) = kisi(lx, di) — In(K;!). We note that lim | x; fg,(a) = —oc. It
K1—1

K|
follows that there exists 1 < ag, < ———— K1 such that fg, (ag,) = kisi(lk,, d;) —In(K;!).

For any i < p, any d; € D;, we let @’ ,,a*, € D_; such that @ ; #jdii. We define

.
i

d-
m,,  as follows.

a 1 a*. A

o for any j < K- 1,y (L) = (exp(si(ly. )R, my (1) = St

Qg ¢ Kz'
e for any j < K;!, any d_; € D_; such that d_; # a , and d_; # @ *., we have

d_;i 1
that 7Tdi (lj) = Kl
For any d; € D; and any j < K;! — 1, we have that
d;
In( mq, (1))
d,iED,l
a, a*, 1
=In(my " (4) -7y (1) + (1D = 2) In()

_ln(l(eXp(Si(ljadi)))ki'K—Z!) (1D = 2) In(K3!)
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For j = K;!, we have the following calculation.

1_[ 7Td lKl

ZeD,

*/

—ln(ﬂd (k) ij(lK')) + (ID-il = 2) ln(; l)

'

—fule)) — (1D — 2) In(&))

—kysi(lgen, di) — (ID_| — 1) In(K))

Therefore, let t; = —(|D_;| — 1) In(K;!). It follows that for any V* e L(D;), and any

d; € D;, we must have that In([[; ., 7rd (V) = kisi(VE dy) + . O
Next, we show that for any separable profile P, r¢(P) = MLE.(P). Simi-

lar to in the proof of Theorem 10.3.1, it suffices to prove that for any 7 < p,

d_.
arg maxg.ep, Hjén Hd_;ieDﬂ- 7le- Z(‘/J Xi)'

d_;
ar maxn n m, (Vilx
gdeD d; ( J

i

Jsn li,iED,i
= arg max In( n n Wg_’i(vj X
dieD; . i
]<nd,iED,i
cargmax Y Y .
gmax ), )
Jsn d_,eD_;

_ argcflnea[;(; ) > (kisi(Vilx,, di) + )
nd,iED,i

—argmax ), ) s

Jjsng_.eD_,;

Xﬂd

=r¢ (P

Si

Xi)

Next, we prove the “only if” part. Let m be a weakly decomposable noise

model. For any ¢ < p, any d; € D;, and any V¢ € L(D;), we let s;(V?, d;) =

d;) if and only if d;

17

In[l; cp 7Td “(V*"). Then, we have that d; maximizes s;(P|x
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maximizes [ [yep [ e, ng’i(/\/|xi), which means that r¢(P) = MLE,(P).
(End of the proof of Theorem 10.3.2). O
However, for sequential voting correspondences, we have the following negative
result. A voting correspondence r¢ satisfies unanimity if for any profile P in which
each vote ranks an alternative d first, we have r(P) = {d}. In the remainder of this

section, w.l.o.g. welet O = X; > --- > X,

Theorem 10.3.3. Let Seq(r§, . .. ,7“;) be a sequential voting correspondence that sat-
1sfies unanimity. Over the domain of O-legal profiles, there is no very weakly decom-

posable noise model such that Seq(r, ... ry) is the MLE.

This theorem tells us that even assuming the weakest conditional independence
of the noise model, the voting correspondence defined by the MLE of that noise
model is different from any sequential voting correspondence satisfying unanimity.
This suggests that the MLE approach gives us new voting rules/correspondences.
Proof of Theorem 10.3.3: For the sake of contradiction, we let Seq(r{,...,r5)
be a sequential voting correspondence and MLE, be an MLE model equivalent
to it. A voting correspondence c¢ satisfies consistency, if for any profiles P;, P, if
r¢(Py) = r°(P,), then (P, U Py) = r°(P}); ¢ satisfies anonymity, if it is indifferent
with the name of the voters. Because M LFE, satisfies consistency and anonymity,

we have the following claim.

Claim 10.3.2. For any i < p, r§ satisfies consistency, anonymity (see Lang and Xia

(2009)) and unanimity.

For any d € X, any O-legal CP-net A, we let

W)= [ W

2<i<p,a_;eD_;
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Let N1, N, be CP-nets. We note that if NV}|y, = Ns|y,, then 7r2f1 (M) = Wcifl (N2);

if for any dy € Dy, M|x_;.q, = MNalx_,.q,, then we must have that wg’l(/\/l) =

w?’l(/\/’g), where Ni|x_,.q, is the sub-CP-net of N} given X; = d;. For any O-

legal vote V' that extends a CP-net N, we write wjfl(V) = ijl (N) and w?’l (V) =
X , . . X

7% (N); for any O-legal profile P, we write 7rjlf (P) =11vep 7rjlf (V)and 7 '(P) =

[ Tvep wg’l(V). It follows that for any O-legal profile P, we have that

MLE.(P) = arg rr}ax[ﬂgl(P) -W?’I(P)]
deX

For any linear order V', let top(V) = Alt(V, 1). That is, top(V) is the alternative
that is ranked in the top position of V. For any V', Vi € L(D;) with top(V}') #
top(Vy'), and any n € N, we let Pl{n be the profile that is composed of n copies of
Vi'; let P;, be the profile that is composed of n copies of V;'. Because r{ satisfies
unanimity, we must have that r{(P},) = {top(V{')} and r{(P5,) = {top(V3)}. For
any j < n, we let @), be the profile in which the preferences of the first j voters
are VJ', and the preferences of the remaining n — j voters are V3. We have that
Qin = P, and Q,, = P5,. Therefore, there exists j < n — 1 and by € D; with
by # top(V}!), such that top(V}') € 7{(Q;.n) and by € r§(Q;41.,). For any n € N, we

let ), denote the set of pairs (aq,b;) such that
(] al,bl € Dl, a; # bl.

e There exists two profiles W', W3 over D; such that a; € r{(W}), by € r$(W3),

and W} differs from W3 only on one vote.

That is, C,, is composed of the pairs (aj, by) such that there exists a profile @ over D,
that consists of n votes, a; € r{(Q), and by changing one vote of @, there is another
alternative b; who is one of the winners. We note that for any n € N, (a1, b;) € C, if
and only if (by,a1) € C,,. It follows that for any n € N, C,, # &J. Because |D;| < o,
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there exists (ai,b;) € (D;)? such that for any k € N, there exists n > k such that

(Cll, bl) € Cn

Claim 10.3.3. For any a1, 5,1 € D_4, and any pair of CP-nets N', N'*, we must
T W) (V) bbb

have that — = , where @ = (ay,d_1), b= (by,b_1).
TN Y @), 0= )

b b

—

Proof of Claim 10.3.3: Suppose for the sake of contradiction there exist @ 1,0 1,

Xfl (] X*l ES
and N/, N'* so that i (N) + la ™)

Without loss of generality we let

that for any 7 < p and any profile P? composed of k votes, if at least k — 1 votes in

P’ rank the same alternative d; in the top position, then r¢(P%) = {d,}.

Claim 10.3.4. There exists k € N such that for any i+ < p, any d; € D;, and
any profile P* = (V{,..., V) with d; = top(V}) = ... = top(V}'_,), we have that
ri(P) = {d}.

P I, P I
Proof of Claim 10.3.4: Let U = max M Letu = min M
Jl,@,N P’I“(N‘dQ) J1¢¢E,N:t0p(N):l7rl P’I“(N‘dQ)

Because MLE,(N) satisfies unanimity, for any d; and A such that top(N) = d,
we must have that MLE,(N) = {d;}, which means that v > 1. Let k be a natural
number such that ©*~! > U. We arbitrarily choose af,i € D_;, and let d = (d;, J,Z)

We define & CP-nets N, ..., N, as follows.
e For any j <k, top(N;) = (d_;, top(V?)).

e For any j < k, N

Xildl,...,di,1 = VZ‘

e Other conditional preferences are defined arbitrarily.
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Because Seq(rf, . .., r5) satisfies unanimity, we have that Seq(r{, ..., 75) (N, ..., Ni1) =

{cf} Therefore, for any d € X and any CP-net A/, we have the following calculation:

Pr(M,.. N)ld) T2 PrNGld)  Pr(NG|d)
P?“((Nb-- Ni)|d) Hk L Pr(N ) Pr(N|d)
Zu(kl)% > 1
Therefore r¢(V, ..., VF) = {d;}.
(End of proof of Claim 10.3.4.) O

Let Ny be a CP-net such that top(Nyz) = @ and top(N|x_,4,) = b_1. That
is, Nz is a CP-net in which @ is ranked in the top position, and given X; =

b1, 5,1 is ranked in the top position. Next, we show that for any CP-net N,

T W) m (MNa
e = —% . Suppose for the sake of contradiction, there exists AN such
T SWN) T ~(Na
X 1 X_1 " 3(—1
that W‘} W) # ‘} ( a). We next show contradiction in the case 7%(7('/\/) >
T (V) = (Na) T (N)
X (NG T (N)
e . Let Ux, = max — . Let K be a natural number such that
e (Na) dy o N 7Td~21(./\/’)
X1 X_1
(Wd (N)/Wd (Na))K > U% . Let n € N be such that n > kK and (ay,b;) € C,,. 1
X,1 X,1 Xl
T (W) i (Na)

follows that there exist (V!,..., V1) and W} such that a; e r§(V{},..., V!) and b, €

re(WE VL, ..., V1Y), We define 2n+ 1 CP-nets N7, N1, Na, ...\ Ny, N1, Na, ..., N, as

follows.
e For any j <n, Njlx, = Njlx, = V}'s M|x, = W

e Forany j; < K,1<js <k—1,and any di € Dy, Nij,—1yk1jo| x_1:ar = Nalx 1,
and Njklx 1.0, = Nlx .4y for any j < n and any dy € Dy, Nj|x . =
Nalx_y:ds-
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o Forany kK +1<j<n, N;=N; =Nz

e For any d; € Dy, N{\X,lzdl = Nd\X,lzdl-

~ ~

For any j < n, we let V; (V;) be an arbitrary linear order that extends N; (N);
let V/ be an arbitrary linear order that extends N{; let P = (V4,...,V,,), P' =

(Vi Vay ... Vo), P = (Vi,..., V), P = (V{,Va,..., V). We make the following

observations.
® a € TT(P|X1)76L1 € Tf(pb(l)? bl € Tf(P,|X1)7b1 € Tf(plbfl)‘

e forany 1 <i<p—1,P
(n—kK)Nz
N’I

Xiat..ai—1 — K((k - 1)/\/’5
X;:ay..a;_;- From Claim 10.3.4 we have that r¢((k—1)Nz

Xiay..a;—1 Y N’ Xi:al---aifl) v

Xia1..a;—1 Y

Xiar.a1) = {a;}. Because r¢ satisfies unanimity and consistency, and for

any i < p, top(Nzlx.:a1..a,_,) = a;, we have that for any i < p, 7¢(P|x, 010, 1) =

{a;}. Similarly for any i < p, r¢(P|x,a1..0, ,) = {0}

)

X1 = K((E—1)Nz

e Foranyl <i<p—1,P Xibyobis YN X, byt ) U (R —

KEON;

(P X by, ) = {Di}-

Xiby.biq - Similarly, we have that for any 1 <@ < p, r$(P'|x,0,.0,,) =

A~ -

Therefore, we have that @ € Seq(r{,...,r;)(P),d € Seq(r{,...,r;)(P), and b €

Pr(P'b) _ | Pr(P') _

Seq(r, ..., r¢)(P'),b € Seq(re,...,r¢)(P"). That is, =~ = L = =
(r5, o E)(P) (rf, - ) () Pr(Pld) = 7 Pr(Pa)

We note that P and P’ differ only on the first vote. Therefore, we have the following
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calculation.

| Pr(PD)

= Pr(P|a)
T ) VD) T agyen (T (V) -7 (V)
T (V1) sy (VD) T ey (2 (Vi) - 7 (V7))

o2 PPl
' Pr(P|a)
pla
Therefore, r(Pla) < U%,. We note that P and P’ differ on K votes
Pr(P|b)
Pr(P|d), , Pr(Pla
PriPi))  PriPla),
Pr(Pb) Pr(Pb)

_(ﬁ (Vo) (Vi) /(ﬁ (Vo) (Vi)
j=1 7T{;X1 (Vir) 7T,‘J*)Ll(‘/yl’f) i=1T% (Vik '7?71( k)
:(ﬂ-?i(il('/v’)/ﬂ-gil(/\/’a))l(
T N T (NG
>U)2(1
Pr(Pld Pr(P
We note that ( l A‘Ci)) > 1. Therefore, M > U%,, which is a contradiction.
r(P|b) Pr(Pb)
-1 X 1
Similarly, for the case of a (N) < ‘; (Na) we still have a contradiction.
N (NG
—1 —1 =
Hence, W‘}A(N) "a 1(./\/) for all A/, which means that for any N’ and N*, we
mHN) T (NG)
X / X 1 *
must have that ‘} N = ‘} V)
PN T W
(End of proof of Claim 10.3.3.) ]
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By Claim 10.3.3, for any CP-net N, any b_;,0' , € D_;, we must have that

X_ X1
Toni )N Com W) Tt )
X, = X, X .
i Nz) 7 (Na) W(bl’gll)(./\/a)

Let N7 be a CP-net such that top(N;) = (by, b
tOp(NQ) =

ity, we have that

(bl, 571) and N1|X1

Pr(Ni|(by,

Pr(Nl(bs,

the following calculation.

Therefore, we have a contradiction. (End of proof of Theorem 10.3.3.)

1<

(bl v,

Pr(M|(bs, b,)

PT(Nﬂ(bl,g,

, (M) -

)
1))

7r(bl bo1)
,(N2) -

(b b

(M) -

7r .
(bl,bfl)

X1
(bl 7b’,1

(N2) -

N5)-

X1

N2

= N’Q‘Xl.

X1 X_1
. Tog N 5 WNa)
, which means that X = —x, :
(b1, ) W) T o0 y) (Na)

1), N2 be a CP-net such that

Because Seq(r§,...,r) satisfies unanim-

7P

< 1. However, we have

(Because N |x, = Naly,)

]

However, a connection between MLEs for very weakly decomposable noise models

and sequential voting correspondences can be obtained if there is an upper bound on

the number of voters. The next theorem states that for any natural number n and any

sequential composition of MLEWIVs, there exists a very weakly decomposable noise

model such that for any profile of no more than n O-legal votes, the set of winners
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under the MLE for that noise model is always a subset of the set of winners under
the sequential correspondence. That is, if the local correspondences can be justified
by a noise model, then, to some extent, so can the sequential voting correspondence

that uses these local rules.

Theorem 10.3.4. For anyn € N and any sequential voting correspondence Seq(r, . ..

Cc

where for each i < p, 7§

1s an MLEWIV, there exists a very weakly decomposable
noise model ™ such that for any O-legal profile P composed of no more than n votes,
we have that MLE(P) < Seq(r{,...,r5)(P).

Proof of Theorem 10.3.4: Let r; be the MLEWIV with the conditional probability
distribution Pr;(Vi|d;), where V¢ € L(D;), d; € D;. For any i < p, we let R\ =

Pri(F/|d;)

7

maxp, p! 4, { }, where d;,d; € D;, and P; and P/ are profiles with the

same number (but no more than n) of linear orders over D;. We let R = 1 if

r; is the trivial correspondence that always outputs the whole domain; and R;{Zn =
1id :

Pri(B|d;) ~ Pri(F|d;)

> 1}, where d;,d; € D;, and P; is a profile of no

more than n linear orders over D;. We note that for any ¢+ < p, any n € N, we have

that Ri" > R™™ > 1,

For any V' e L(D;), any de X, and any @_; € D_;, we let

@i (i) = 1
T (V*) Dl otherwise ’

where Z; = ZvieL(Di) Pr;i(Vid;)* is a normalizing factor, and 1 = k; > ky > --- >
k, > 0 are chosen in the following way: for any i < ¢ < p, any V', W' e L(D;), and

any d;, d; € D;, if R®" > 1, then we must have that (R:" )k < (Rf;’:;l)ki’/?*i,.

min max

We next prove that for any profile Pop of no more than n CP-nets, we must have

that M LE,(Pcp) < Seq(r§, ..., 75)(Pcp). For the sake of contradiction, let Pop be a

profile of no more than n CP-nets with M LE(Pcp) & Seq(r{, ..., )(Pcp). Let de
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MLE,(Pzp), and i* be the number such that there exists d* € Seq(r{,...,r5)(Pop)

such that for all i' < i*, dy = d};, and di ¢ 754 (Pop|x,4:d;..d. ). Because
75 (Pop| X v :di.dys ) # Dix, we must have that R;:Z?Z > 1. Because d € MLE,(Pcp),

—

7(Pcopld)

we must have that -
7T(Pcp|d*)

> 1. However, we have the following calculation that

leads to a contradiction.

—

_ 7(Pcpl|d) _ Y Pri(Peplxidr..a 1 |di)
7(Pop|d®) i1 Pri(Poplx,.ar..ax |d})
Y Pri(Poplxidy..di | ds)

iix Pri(Pop|x,ar..ax |d)

1 . in \k;
<7n ’ ‘ 1_[ (Rnlba:c) '

~ -k
(anz’n)kz* i=i% +1

1 P o i—i¥®
<—— [ @)= <1
(R:nﬁ)kz* i—i* 41 "

Therefore, we must have that M LE.(P) < Seq(r{,...,r;)(P) for all profiles P that

consist of no more than n CP-nets. ]
10.4 Distance-Based Models

We have shown in the previous section that the MLE approach may give us new
voting rules in multi-issue domains. However, assuming very weak decomposability,
there are too many (exponentially many) parameters in the noise model, which makes
it very hard to implement a rule based on the MLE approach. In this section, we
focus on a family of maximum likelihood estimators that are based on noise models
defined over multi-binary-issue domains (domains composed of binary issues), and
that need only a few parameters to be specified. We recall that a CP-net on a
multi-binary-issue domain corresponds to a directed hypercube in which each edge

has a direction representing the local preference. A very weakly decomposable noise
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model 7 can be represented by a collection of weighted directed hypercubes, one for
each correct winner, in which the weight of each directed edge is the probability of
the local preference represented by the directed edge. For any outcome de X , any
issue X, any € ; € D_;, and any d; # d, € D;, the weight on the directed edge
((€4,d;), (€ 4,d;)) of the weighted hypercube corresponding to the correct winner
d is denoted by W:z:i(dz- > d!), and represents the probability that a given voter
reports the preference € ; : d; > d; in her CP-net, given that the correct winner is
d.! For example, when the correct winner is 0,0,03, the weight on the directed edge
(011503, 071513) is the probability 7r8113303(03 > 13). We now propose and study very
weakly decomposable noise models in which the weight of each edge depends only
on the Hamming distance between the edge and the correct winner.

For any pair of alternatives CZ deXx , the Hamming distance between d and d ,
denoted by \cf —d |, is the number of components in which d is different from d’, that
is, |[d— d'| = #{i <p:d; #d}. Let e = (dy,dy) be a pair of alternatives such that
|dy — dy| = 1 (equivalently, an edge in the hypercube). The distance between e and
an alternative d € X , denoted by |e — d_] , is the smaller Hamming distance between
d and the two ends of e, that is, le — d| = min{|d; — d|,|d> — d|}. For example,
|011503 — 010203| = 1, |011213 — 010203| = 2, and |(011503,0;1513) — 010503 = 1.

We next introduce distance-based noise models in which the probability distri-

i

bution 7rj: only depends on d; and the Hamming distance between a_; and cf,z-.

Definition 10.4.1. Let X' be a multi-binary-issue domain. For any d = (qo,- .-, ¢p-1)

such that 1 > qo,...,qy—1 > 0, a distance-based (noise) model 7z is a very weakly

decomposable noise model such that for any de X, anyi < p, and any a_; € D_;

L For every pair of alternatives differing on exactly one issue, there is exactly one weighted edge between them; the
direction of the edge only says that we are going further from the correct winner. This will be made more precise
after Definition 10.4.1.
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with |d_; — J,z\ =k <p—1, we have that W?i(di > d;) = Q.

The intuition behind the notion of a distance-based model is as follows. First, it is
plausible to assume that the “closer” two alternatives are to the correct alternative,
the more likely a given voter will order them in the “correct” way, that is, will prefer
the one which is closer to the correct alternative. The family of distance-based voting
rules is actually more general than this, because we do not impose ¢; = ... = ¢,_1,
but we may of course add this restriction if we wish to. Moreover, the choice of the
Hamming distance is not necessary, and other intuitive distance-based models can be
defined, using other distances — for instance, domain-dependent distances. But, the
Hamming distance is a natural starting point (most works in distance-based belief
base merging and distance-based belief revision also focus on the Hamming distance).

Given the correct winner d_: a distance-based model 7y can be visualized by the

following weighted directed graph built on the hypercube:

e For any undirected edge e = (cﬁ, d_;) in the hypercube, where d:, dy differ only
on the value assigned to X; for some ¢ < p, if cfl| x, = d;, then the direction of e
is from dz to d;; if d;\X = d;, then the direction of e is from d; to dﬂl That is,
the direction of the edge is always from the alternative whose X; component
is the same as the X; component of the correct winner to the other end of the

edge.

e For any edge e with |e — d_] = [, the weight of e is g;.

For example, given that 00503 is the correct winner, the distance-based model is

illustrated in Figure 10.2.
We are especially interested in a special type of distance-based models in which

there exists a threshold 1 < k£ < p and ¢ > %, such that for any ¢ < k, we have that

¢ = q, and for any k < ¢ < p — 1, we have that ¢; = % Such a model is denoted
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FIGURE 10.2: The distance-based model 7(4, ¢, 4,) When the correct winner is 000.

by 7. We call w4 a distance-based threshold noise model with threshold k. We
say that a noise model 7 has threshold k < p if and only if there exists ¢ > l such
that m = m,,. The MLE for a distance-based threshold model m , is denoted by
MLE

Tk,q "

Example 10.4.2. Let p = 3. w4 and ms, are illustrated in Figure 10.3 (when the

correct winner is 000 ).

%101 100 == ¢ =—— 101

L L
R V)

010 011 010— (] ety () ] 1
(a) The threshold is 1. (b) The threshold is 2.

Ficure 10.3: Distance-based threshold models. The weight of the bold edges is
q > %; the weight of all other edges is %

We next present a direct method for computing winners under the MLE corre-

spondences of distance-based threshold models. For any 1 < k < p, any de X , and
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any CP-net A, we define the consistency of degree k between d and N , denoted by
Ni(d, N), as follows. Ni(d,N) is the number of triples (@,b, i) such that @ ; = b_;,
a; = d;, b; = d;, |(as, b;) —aﬂ < k—1, and NV contains a_; : d; > d;. That is, Nk(d_;./\/)
is the number of local preferences (over any issue X;, given any @_; € D_;) in N that
are d; > d;, where the distance between d and the edge ((d;, @ ), (d;,@_;)) is at most

k — 1. For any profile Pop of CP-nets, we let Nk(cz Pop) = ZNEPCP Nk(d_; N).

Theorem 10.4.3. For any k < p, any q > %, and any profile Pop of CP-nets, we

27
have that MLE,, (Pcp) = arg maXJNk(cZ; Pop).
That is, the winner for any profile of CP-nets under any MLE for a distance-based

threshold model 7, , maximizes the sum of the consistencies of degree & between the

winning alternative and all CP-nets in the profile.

Proof of Theorem 10.4.3: For any k < p, any de X, welet L, = #le:|e— cﬂ <
k — 1}. That is, Ly is the number of edges in the hypercube whose distance from a
given alternative d is no more than k — 1. For any d e X and any CP-net NV, we

have that

—

ln’/T(Pcp‘d)

= Z In 1_[ ng(/\/

NEPCP i,E,iED,i

Xi:(_i,i)

= N (Nld N Ing + (L — Ne(d, ) In(1 — q))

NEPCP

- q
- > (Nk(d,/\/)lnl

NEPCP -

+ LiIn(1 — q))

—

Therefore, MLE,, (Pcp) = argmax;w(Pop|d)

= arg maXEZNePCP(Nk(CZ N)In & + Ly In(1 — g))

= arg HlaXd-’Nk(d_: Pcp). L]
Therefore, we have the following corollary, which states that the winners for any

profile under MLE,, do not depend on g, provided that ¢ > %
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Corollary 10.4.4. For any k < p, any q1 > %,qg > %, and any profile Pop of
CP-nets, we have MLE,  (Pcp) = MLEr, , (Pcp).

Example 10.4.5. Consider two binary issues Xy, X, and three voters, who report
the following C'P-nets:

o N1 has an edge from X1 to Xy, and the following local preferences: {01 > 11,07 :
0 > 1o, 17 : 15 > 09}.

e Ny has an edge from X, to Xy and an edge from Xy to Xy, and the following
local preferences: {09 : 11 > 01,15 : 03 > 17,07 : 19 > 09,11 : 0 > 15}.

e N3 has no edge, and the following local preferences: {1; > 01,15 > 05}.

Let Pop = (N1, Na, N3).
First, consider k = 1. Let us compute Ny(1,15,N7). There are two edges whose
distance to 1115 is 0: one from 1115 to 1,09 and one from 1115 to 0115. The first
one 1is in the preference relation induced from N; the second one is not. There-
fore, Ni(1115,N7) = 1. Similarly, we get N1(1113,N3) = 0 and Ny(1113,N3) = 2,
henceforth, Ny(11ls, Pop) = 3. Similar calculations lead to Ny(1109, Pop) = 3,
N1(0112, Pop) = 4 and Ni(0,02, Pop) = 2, hence MLE,, (Pop) = {0112} (for any
value of ¢ > 3 ).
Now, consider k = 2. Let us compute N1(1113,N7). Now, we have to consider all
four edges, since all of them are at a distance 0 or 1 to 1115. The two edges not
considered for the case k = 1 are the edge from 0115 to 0,05 and one from 1,04 to
0115. In both cases, voter 1 prefers the alternative which is further from 1,15, there-
fore, No(1:15,N7) = 1. Similarly, we get No(1115, N3) = 2 and Na(1115,N3) = 4,
henceforth, Na(111a, Pop) = 7. Similar calculations lead to Ny(1,09, Pop) = 5,
Ny(0113, Pop) = 7 and N1(0,02, Pcp) = 5, hence MLE,, (Pcp) = {0112, 1112},

We next investigate the computational complexity of applying MLE rules with

distance-based threshold models. First, we present a polynomial-time algorithm that
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computes the winners and outputs the winners in a compact way, under M LE.
where p is the number of issues. This algorithm computes the correct value(s) of
each issue separately: for any issue X;, the algorithm counts the number of tuples
(@ ;,N), where @_; € D_; and N is a CP-net in the input profile Pop, such that
N contains a_; : 0; > 1;. If there are more tuples (@ ;, N) in which N contains
a_; : 0; > 1; than there are tuples in which A contains a_; : 1; > 0;, then we select
0; to be the ith component of the winning alternative, and vice versa. We note that
the time required to count tuples (@ ;, N') depends on the size of N'. Therefore, even
though computing the value for X; takes time that is exponential in |Parg(X;)| (the
number of parents of X; in the directed graph of N'), the CPT of X; in N itself is
also exponential in |Parg(X;)| (for each setting of Parg(X;), there is an entry in

CPT(X;)). This explains why the algorithm runs in polynomial time.

Algorithm 10.4.1. INPUT: p e N, % < q < 1, and a profile of CP-nets Pop over
a binary domain consisting of p issues.

1. For each 7 < p:

la. Let S; =0, W, = &.

1b. For each CP-net N € Pep: let Parg(X;) = {Xi,,..., X ,} be the parents of X;
in the directed graph of N'. Let [ be the number of settings i of Parg(X;) for which
N

X;, and (2P~ 7" — 2P~ is the number of edges in the CP-net where 0; > 1;, minus the

X7 = 0; > 1;. Let S; < §; + jop— — or-1, Here, p' is the number of parents of

number of edges where 1; > 0;.

lc. At this point, let W; = {1;} if S; <0

2.0utput Wy x ... x W,

Proposition 10.4.6. The output of Algorithm 10.4.1 is MLE, (Pcp), and the

algorithm runs in polynomial time.
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Proof of Proposition 10.4.6: First we prove that the output of Algorithm 10.4.1
is MLE,,,(Pcp). For any d € X, N,(d,Pep) = 3, #{@-1 € Dyt (diyd_;) >
(di,a@ ;),N € Pop}. We note that d; € W; if and only if #{@ ;€ D 1 : (d;, @ ;) >
(di,d_;),N € Pop} > #{d_1 € D_y : (d;,d_;) >n (di,d_;),N € Pop}. Therefore,
de MLE,, (Pop) if and only if for all i < p, we have that d; € W,

Next we prove that the algorithm runs in polynomial time. We note that in step
1b, the complexity of computing [ is O(2/7¢X)l) “and CPT(X;) of the CP-net N
has exactly 2/P#¢(X)l entries, which means that the complexity of computing [ is in
polynomial of the size of C PT(X;) of the input. Therefore, Algorithm 10.4.1 is a
polynomial-time algorithm. O]

The next example shows how to compute the winners under MLE,  for the

profile defined in Example 10.4.5.
Example 10.4.5, continued Let us first compute Sy. In Ny (respectively, N1 and
N3), the table for xy contributes to 2 edges (respectively, one edge and no edge)
from 0y to 1y, and to no edge (respectively, one edge and two edge) from 1, to 0y,
therefore Sy = (+2) + 0 + (—2) = 0. Similarly, S = 0+ 0 + (—2) = —2. Therefore,
Wy = {01, 11} and Wy = {15}, which gives us MLE,, (Pcp) = {0112, 1115}.

However, when the threshold is one, computing the winners is NP-hard, and the
associated decision problem, namely checking whether there exists an alternative d

such that N; (ci; Pecp) = T, is NP-complete.
Theorem 10.4.7. It is NP-complete to find a winner under MLE,, .. More pre-

cisely, it is NP-complete to decide whether there exists an alternative d such that

Ni(d, Pep) = T.

Proof of Theorem 10.4.7: By Theorem 10.4.3, the decision problem of finding

a winner under M LE;,  is the following: for any profile P that consists of n CP-
nets, and any 7" < pn, we are asked whether or not there exists d € X such that
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Ni(d,P)=T.

We prove the NP-hardness by reduction from the decision problem of MAX2SAT.
The inputs of an instance of the decision problem of MAX2SAT consists of (1) a set
of ¢t atomic propositions zy, ...,z (2) a formula ' = C; A ... A C, represented in
conjunctive normal form, in which for any ¢ < m, C; = [;, v l;,, and there exists
J1,jo <t such that [;, is z;, or —x;,, and [;, is z;, or —xj,; (3) T" < m. We are asked
whether or not there exists a valuation & for the atomic propositions 1, ..., x; such
that at least T" clauses are satisfied under 7.

Given any instance of MAX2SAT, we construct a decision problem instance of
computing a winner under M LEy, = as follows.

e Let X be composed of t issues Xq,...,X;.
o Let T = 16T — 12m.
e For any 7 < m, we let v;, be the valuation of x;, under which [;, is true; let v;, be
the valuation of x;, under which [;, is true. For any j < ¢, we let 0; corresponds to X
being false, and 1; corresponds to X; being true. Then, any valuation of the atomic
propositions is uniquely identified by an alternative. We next define six CP-nets as
follows:

;1: the DAG of N;; has only one directed edge (X;,, X;,). In N1, v, > Uy,
Uiy Uiy > Uiy, Uiy 1 Uiy > Ujy, and for any j # ¢ and j # o, we have that 0; > 1;.

;2: the DAG of N has only one directed edge (X, X;,). In N2, v, > Uy,
Uiy Uiy > Uiy, Uiyt Uiy > Uy, and for any j # ¢ and j # o, we have that 0; > 1;.

;3 the DAG of N3 has only one directed edge (X;,, Xi,). In N, 1, vi, > Uy,
Uiy @ Uiy > Uiy, iy V5, > Uy, and for any j # ¢ and j # o, we have that 0; > 1;.

We next obtain N}, NV,, and N3 from N1, Nis, and N3, respectively, by let-
ting 1; > 0; for any j with j # 4, and j # iy. Let N; = (N, N 1 Nigy Ni o, Nig, N ).

We let the profile of CP-nets be Pop = (N7, ..., Ny).
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We make the following claim about the number of consistent edges between an

alternative d and /\72

Claim 10.4.1. For any de X and any v < m,

M@Fy =1t ST erde =t
—12  ifd;, = vy, and d;, = v,
Claim 10.4.1 states that the number of consistent edges between d and N; within
distance 1 is 4 if the clause Cj is true under the valuation represented by J: otherwise

it is —12. For any de X, we let T; denote the number of clauses in Cy,...,Cp,

that are true under d. Then, we have that N; (ci; Pep) = 4T; — 12(m — Ty) =
16T — 12m. It follows from Theorem 10.4.3 that for any ¢ > %, MLEm,q(PCp) =
arg maXJNl(J: Pcp) = argmax;T;. Therefore, a winner of Pop under MLE,,
corresponds to a valuation under which the number of satisfied clauses is maximized;
and any valuation that maximizes the number of satisfied clauses corresponds to a
winner of Pop under MLE, . We note that the size of Pop is O(mt). It follows
that computing a winner under M LEy,  is NP-hard.

Clearly the decision problem is in NP. Therefore, the decision problem is NP-
complete to compute a winner under M LE,, . O

As we have seen (cf. Corollary 10.4.4), for a given multi-issue domain composed
of p binary issues, there are ezxactly p voting correspondences defined by distance-
based threshold models. As far as we know, these voting correspondences are entirely
novel, and are tailored especially for multi-issue domains. Now, among these p voting
correspondences, two are even more natural and interesting: MLE;, and MLE, .
MLE;, , proceeds by electing the alternatives which maximize the sum, over all

voters, of the number of neighboring alternatives in the voter’s hypercube to which

she prefers #. Now, recall that the Borda correspondence can be characterized as
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the correspondence where candidate x is a winner if it maximizes the sum, over all
voters, of the number of candidates the voter prefers to x. Therefore, MLE,  is
somewhat reminiscent of Borda—except, of course, that we do not count all alter-
natives defeated by & but only defeated alternatives that are one of its neighbors in
the hypercube. MLE;, is even more intuitive: for each issue X;, the winning value
maximizes the number of edges (summing over all voters) that are in favor of it, that
is, it is somewhat reminiscent of Kemeny.

So, MLE,, , and MLE,,  are genuinely new voting correspondences for multi-
issue binary domains, which can be characterized in terms of maximum likelihood
estimators and are quite intuitive; lastly, M LE,  can be computed in polynomial

time. We conjecture that for any 2 < k < p — 1, winner determination for M LE,

is NP-hard.
10.5 Summary

In this chapter, we considered the maximum likelihood estimation (MLE) approach
to voting, and generalized it to multi-issue domains, assuming that the voters’ pref-
erences are expressed by CP-nets. We first studied whether issue-by-issue voting
rules and sequential voting rules can be represented by the MLE of some noise
model. For separable input profiles, we characterized MLEs of strongly/weakly
decomposable models as issue-by-issue voting correspondences composed of local
MLEWIVs/candidate scoring correspondences. Although we showed that no se-
quential voting correspondence can be represented as the MLE for a very weakly
decomposable model, we did obtain a positive result here under the assumption that
the number of voters is bounded above by a constant.

In the case where all issues are binary, we proposed a class of distance-based noise
models; then, we focused on a specific subclass of such models, parameterized by a
threshold. We identified the computational complexity of winner determination for
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the two most relevant values of the threshold.

We note that, whereas Section 10.3 has a non-constructive flavor because we stud-
ied existing voting mechanisms and Theorem 10.3.3 is an impossibility theorem, quite
the opposite is the case for Section 10.4. Indeed, the MLE principle led us to define
genuinely new families of voting rules and correspondences for multi-issue domains.
These rules are radically different from the rules that had previously been proposed
and studied for these domains. Unlike sequential or issue-by-issue rules, they do not
require any domain restriction, and yet their computational complexity is not that
bad (the decision problem is NP-complete at worst, and sometimes polynomial in

the size of the CP-nets). We believe that these new rules are promising.
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