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Abstract. In this paper, we characterize strategy-proof voting rulasn the set
of alternatives has a multi-issue structure, and the Vopeederences are repre-
sented by acyclic CP-nets that follow a common order overeissOur main re-
sult is a simple full characterization of strategy-proofing rules satisfying non-
imposition for a very natural restriction on preferenceminti-issue domains: we
show that if the preference domain is lexicographic, theotag rule satisfying
non-imposition is strategy-proof if and only if it can be degosed into multiple
strategy-proof local rules, one for each issue and eadhgettthe issues preced-
ing it. We also obtain the following variant of Gibbard-S®athwaite: when there
are at least two issues and each of the issues can take atweaghlues, then
there is no non-dictatorial strategy-proof voting rulettsatisfies non-imposition,
even when the domain of voters’ preferences is restrictéidear orders that are
consistent with acyclic CP-nets following a common ordegrdgsues. This im-
possibility result follows from either one of two more gealenew impossibility
results we obtained, which are not included in this papertdube space con-
straint.

Keywords: Voting, multi-issue domains, strategy-proofness, legrephic do-
mains

1 Introduction

When agents have conflicting preferences over a set of attees, and they want to
make a joint decision, a natural way to do so isvofying Each agent (voter) is asked
to report his or her preferences. Thenyaing ruleis applied to the vector of submit-
ted preferences to select a winning alternative. Howerespme cases, a voter has an
incentive to submit false preferences in order to changaitheer to a more preferable
alternative (to her). An instance of such misreporting iéedaa manipulation and the
perpetrating voter is called manipulator If there is no manipulation under a voting
rule, then the rule is said to lstrategy-proaof

Unfortunately, there are some very natural propertiestreasatisfied by no strategy-
proof voting rule, according to the Gibbard-SatterthwHienrem [16, 27]. The theorem
states that when there are three or more alternatives, gnggar can choosanylinear
order over alternatives to represent her preferences,nbemn-dictatorial voting rule
that satisfies non-imposition is strategy-proof. A votinderis dictatorial if the same
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voter's most-preferred alternative is always choseniisBas non-imposition if for ev-
ery alternative, there exisbmereported preferences that make that alternative win.

There are several approaches to circumventing this imiptigsiresult. One that
has received significant attention from computer scieniistecent years is to consider
whether finding a manipulation is computationally hard ungtame rules. If so, then
even though a manipulation is guaranteed to exist, it wilhpps not occur because the
manipulator(s) cannot find it. Indeed, it has been shownfthding a manipulation is
computationally hard (more precisely, NP-hard) for vasiaules, for various definitions
of the manipulation problene(g, [6, 5, 13,17, 14, 36]). On the other hand, NP-hardness
is aworst-casenotion of hardness, so that it may very well be the caserttostmanip-
ulations are easy to find. Various recent results suggestttisais indeed the case [25,
12,24,15,37,31, 30, 28, 34, 29, 18]. This paper does noaffaler this line of research.

Instead, this paper falls under another, older, line ofagdeon circumventing the
Gibbard-Satterthwaite result. This line, which has beersyed mainly by economists,
is to restrict the domain of preferences. That is, we assumaevbters’ preferences
always lie in a restricted class. An example of such a clagwisofsingle-peakegref-
erences [7]. For single-peaked preferences, desiralaliegy-proof rules exist, such as
themedianrule. Other strategy-proof rules are also possible in thefgsence domain:
for example, it is possible to add some artificiphéntom votes before running the
median rule. In fact, this characterizes all strategy-prokes for single-peaked prefer-
ences [22]. On the other hand, preferences have to be santifiaestricted to obtain
such positive results: Aswat al.[1] extend the Gibbard-Satterthwaite theorem, show-
ing that if the preference domainlisked then with three or more alternatives the only
strategy-proof voting rule that satisfies non-imposit®a dictatorship.

In real life, the set of alternatives often has a multi-isstrecture. That is, there
are multipleissues(or attributeg, each taking values in its respective domain, and an
alternative is completely characterized by the valuesttimissues take. For example,
consider a situation where the inhabitants of a county \@mietermine a government
plan. The plan is composed of multiple sub-plans for sevetatrelated issues, such as
transportation, environment, and health [10]. Clearlypger's preferences for one issue
in general depend on the decisions taken on the other is§@esew highway is con-
structed through a forest, a voter may prefer a nature resetve established; but if the
highway is not constructed, the voter may prefer that noreatserve is established. As
another example, in each US presidential election yeaptesident as well as mem-
bers of the Senate and the House must be elected. In pringipteer’s preferences for a
senator can depend on who is elected as president, for exéirtipd voter prefers a bal-
ance of power between the Democratic and Republican paftissaightforward way
to aggregate preferences in multi-issue domairissse-by-issu¢a.k.a.seat-by-seat
voting, which requires that the voters explicitly exprdssit preferences over each issue
separately, after which each issue is decided by applysugisvise voting rules inde-
pendently. This makes sense if voters’ preferenceseparablethat is, each voter’s
preferences over a single issue are independent of her@nefs over other issues.
However, if preferences are not separable, it is not clear the voter should vote in
such an issue-by-issue election. Indeed, it is known thatrabstrategies for voting in
such a context can lead to very undesirable results [10, 20].
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The problem of characterizing strategy-proof voting riesulti-issue domains has
already received significant attention. Strategy-prodingprules for high-dimensional
single-peaked preferences (where each dimension can heasesn issue) have been
characterized [8, 2, 3, 23]. Barbeea al. [4] characterized strategy-proof voting rules
when the voters’ preferences are separable, and each sskinary (that is, the domain
for each issue has two elements). Ju [19] studied multeiskamains where each issue
can take three values: “good”, “bad”, and “null’, and chaesized all strategy-proof
voting rules that satisull-independencehat is, if a voter votes “null” on an issug
then her preferences over other issues do not affect the ehissue.

The prior research that is closest to ours was performed [Brewn and Sen [11].
They proved that if the voters’ preferences are separabtetlze restricted preference
domain of the voters satisfiesrishnesscondition, then, a voting rule is strategy-proof
if and only if it is an issue-by-issue voting rule, in whichchassue-wise voting rule is
strategy-proof over its respective domain.

Despite its elegance, the work by Le Breton and Sen is linbitethe restrictiveness
of separable preferences: as we have argued above, in eneoter’s preferences on
one issue depend on the decision taken on other issues. @thgrehand, one would
not necessarily expect the preferences for one issue tondeme every other issue.
CP-nets [9] were developed in the artificial intelligencenoounity as a natural repre-
sentation language for capturing limited dependence ifegaces over multiple issues.
Recent work has started to investigate using CP-nets tesept preferences in voting
contexts [26, 21, 35, 32]. If there is an order over issues soat every voter's prefer-
ences for “later” issues depend only on the decisions madeartier” issues, then the
voters’ CP-nets are acyclic, and a natural approach is tty aggue-wise voting rules
sequentially21]. While the assumption that such an order exists isr&dtrictive, it is
much less restrictive than assuming that preferences pagadde (for one, the resulting
preference domain is exponentially larger [21]). Recetgm®sions of sequential voting
rules include order-independent sequential voting [35}yall as frameworks for voting
when preferences are modeled by general (that is, not reedgsscyclic) CP-nets [32,
33]. However, in this paper, we only study acyclic CP-nett tire consistent with a
common order over the issues.

Our results. In this paper, we focus on multi-issue domains that are campof
at least two issues with at least two possible values &ask. first show that over
lexicographicpreference domains (where earlier issues dominate |aeessin terms
of importance to the voters), the class of strategy-prodihgorules that satisfy non-
imposition is exactly the class of voting rules that can beodeposed into multiple
strategy-proof local rules, one for each issue and eadhgett the issues preceding it.
Technically, it is exactly the class of albnditional rule nets (CR-nets)efined later in
this paper but analogous to CP-nets, whose local (issue)erdries are strategy-proof
voting rules. CR-nets represent how the voting rule’s baran one issue depends on
the decisions made on all issues preceding it. Concepttizilyis similar to how acyclic

! This is the standard assumption for studying voting in rigkiie domains, because otherwise
either the domain can be simplified (by removing issues thittake one value), or it has no
multi-issue structure (when there is only one issue).



4 Lirong Xia and Vincent Conitzer

CP-nets represent how a voter’s preferences on one isseadiep the decisions made
on all issues preceding it.

Then, we prove an impossibility theorem, which is the follogwariant of Gibbard-
Satterthwaite. When there are at least two issues with st tea values each, the only
strategy-proof voting rule that satisfies non-impositie@idictatorship. This result as-
sumes that each voter is free to choose any linear order ¢nasponds to an acyclic
CP-net that follows a common order over the issues. This gsipdity result follows
from either one of two more general new impossibility restitat we do not include in
this paper due to the space constraint.

We are not aware of any previous characterization or impdggiresults for strategy-
proof voting rules when voters’ preferences display depeniks across issues (that is,
when they are modeled by CP-nets).

2 Preliminaries

In a voting setting (not necessarily one with multiple isguéet X’ be the set oélter-
natives(or candidate¥ A linear orderV on X is a transitive, antisymmetric, and total
relation onX. The set of all linear orders ok is denoted by..(X'). An n-voter profile
P on X consists ofn linear orders onX'. Thatis,P = (V4,...,V,), where for every
1 <j<n,V; € L(X). The set of all profiles o/’ is denoted byP(X'). In this paper,
we letn denote the number of voters. @&oting) ruler is a mapping from the set of
all profiles onX' to X, that is,r : P(X) — X. For example, thelurality rule (also
called themajority rule, when there are only two alternatives) chooses thenaltiee
that is ranked in the top position in the most votes (with ebtieaking mechanism, for
example, ties are broken in alphabetical order—in this papdoes not matter which
tie-breaking mechanism we use). A voting rulsatisfies
e unanimity if top(V') = cforall V- e P impliesr(P) = c.
e non-impositionif for any ¢ € X, there exists an-voter profileP such that(P) = c.
e (strong) monotonicityif for any pair of profilesP = (V4,...,V,,), P = (V{,..., V)
such that for any alternativeand anyl < j < n, we have -, r(P) = ¢ >y, r(P),
then,r(P’) = r(P).
o strategy-proofnes# there does not exist a pdiP, V;), whereP is a profile, and// is
a false vote of votey, such that(P_;, V)) =v, r(P). Thatis, there is no profile where
a voter can misrepresent her preferences to make herself bét

In this paper, the set of all alternativasis a multi-issue domainThat is, letZ =
{x1,...,%x,} be a set ofissues where each issug; takes values in éocal domain
denoted byD;. An alternative is uniquely identified by its values on afluss, that is,
X =Dy x---x D,

Example 1 A group of people must make a joint decision on the menu foredi(the
caterer can only serve a single menu to everyone). The mamriposed of two issues:
the main courseNl) and the wine V). There are three choices for the main course:
beef (b), fish (f), or salad (s). The wine can be either red Wiewhite wine (w), or
pink wine (p). The set of alternatives is a multi-issue domai = {b, f, s} x {r, w, p}.

CP-nets [9] are a compact representation that capturesdepeies across issues.
In this paper, we use them not for their representationapamimess, but rather as useful
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CPT (M) br —— bp——= bw
b~ f>s
M——W CPT (W) fw——s fp—— fr
bir>=p>=w
frw=p>r
S:p=w=r SPp——> SW————sr
(a) A CP-netV. (b) The partial order induced by

Fig. 1.A CP-netN and its induced partial order.

mathematical notation for describing preferences in misdtiie domains, where prefer-
ences over one issue can depend on the values of earlies.issue

A CP-netN over X consists of two parts: (a) a directed gragh= (Z, E) and (b)
a set of conditional linear preference§ over D;, for each settingl of the parents of
x; in G. Let C PT'(x;) be the set of the conditional preferences of a votePgrthis is
called aconditional preference table (CPT)

A CP-net\ captures dependencies across issues in the following.s&risduces a
partial preorder s over the alternatived’ as follows: for any;, b; € D;, any settingd
of the set of parents of; (denoted byParq(x;)), and any setting of 7\ (Parg(x;) U
{xi}), (a;,d,z) =n (b;,d, z) if and only if a; =, b;. In words, the preferences over
issuex; only depend on the setting of the parentsgf(but not on any other issues).
For anyl < i < p, CPT(x;) specifies conditional preferences ower Now, if we
obtain an alternativel’ from d by only changing the value of thih issue ofd, we
can look at CPTx;) to conclude whether the voter prefefSto d, or vice versa. In
general, however, from the CP-net, we will not always be sibt®nclude which of two
alternatives a voter prefers, if the alternatives diffettwn or more issues. This is why
N usually induces a partial preorder rather than a linearrorde

We note that when the graph &f is acyclic, = is transitive and asymmetric, that
is, a strict partial order. Lab = x; > --- > x,,. We say that a CP-né{’ is compatible
with (or, follows) O, if x; being a parent ok; in the graph implies that < j. That
is, preferences over issues only depend on the values ddrdasues in0. A CP-net is
separabléf there are no edges in its graph, which means that therempzeferential
dependencies among issues.

Example 2 Let X be the multi-issue domain defined in Example 1. We define ae€P-n
N as follows:M is the parent oW, and the CPTs consist of the following conditional
preferencesCPT(M) = {b = f > s},CPTW)={b:r>=p>=w,f 1w > p >
r,s:p > w > r}, whereb: r > p = wis interpreted as follows: “whe is b, then,

r is the most preferred value f&V, p is the second most preferred value, ands the
least preferred valueV and its induced partial order s are illustrated in Figure 1.

N is compatible withM > W. A/ is not separable.

A linear orderV over X extendsa CP-net\/, denoted by’ ~ N/, if it extends
the partial order thatv" induces. (This is merely saying th&t is consistent with the
preferences implied by the CP-nkt) V is separablef it extends a separable CP-net.
The set of all linear orders that extend CP-nets that are atibie with O is denoted by
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Legal(O). Throughout the paper, we make the following assumptionainulti-issue
domains and the voters’ preferences.

Assumption 1 In this paper, each multi-issue domain is composed of at teasissues
(p > 2), and each issue can take at least two values. MoreoverRh€ts are compati-
ble withO = x; > --- > x,, and the voters’ preferences are alwaydiegal(O) (that
is, a voter’s preferences over an issue do not depend on thewvaf later issues).

To present our results, we will frequently use notations tbpresent the projection of a
vote/CP-net/profile to an issug (that is, the voter’s local preferences oxg) given the
setting of all issues preceding, defined as follows. For any issug, any settingd of
Parg(x;), and any linear orde¥” that extendsV, we letV|y,.q and\|y,.q denote the
the projection ofi” (or, equivalentlyV) to x;, givend. That is, each of these notations
evaluates to the linear ordgﬁ'l in the CPT associated witk;. For example, lef\V" be
the CP-net defined in Example &l|w., = r > p > w. For anyO-legal profile P,
P|x,.q is the profile overD; that is composed of the projections of all votesfnon
x;, givend. That is,P|x,;.a = Vilxi:dy- -+, Valx;:d) = MNlx:ds - - s Nalx,:a), Where
P=04,...,V,),and foranyl <i < p, V; extendsV;.

Thelexicographic extensionf a CP-net\/, denoted byLez(N), is a linear order
V over X such thatforany < i < p,anyd; € Dy x --- X D;_1,anya;,b; € D,
and anyy, z < D»L'Jrl X oo X Dp, if a; >-N‘xi:d1', b;, then(di,ai,y) -V (di,bi,z).
Intuitively, in the lexicographic extension ¢f, x; is the most important issug; is the
next important issue, etc; a desirable change to an easlaeialways outweighs any
changes to later issues. We note that the lexicographiosixte of any CP-net is unique
w.r.t. the orderO. We say that’ € L(X) is lexicographicif it is the lexicographic
extension of a CP-neY. For example, lefV' be the CP-net defined in Example 2. We
haveLex(N) = br > bp = bw > fw = fp > fr > sp = sw = sr. A profile P
is O-legal/separable/lexicographic, if each of its votes id#yal(O)/ is separable/ is
lexicographic.

Given a vector ofocal rules(r, ... ,7p) (thatis, for anyl < i < p, r; is a voting
rule onD;), thesequential compositioof 4, . . ., r, W.r.t. O, denoted bySeq(r1, . . ., 1),
is defined for allO-legal profiles as followsSeq(r1,...,7,)(P) = (d1,...,dp) € X,
so that for anyl < i < p, d; = 7;(P|x;.d,---d;_, )- That is, the winner is selected jn
steps, one for each issue, in the following way: in stefy is selected by applying the

local ruler; to the preferences of voters oy, conditioned on the values, . .., d;
that have already been determined for issues that preced®hen the input profile is
separableSeq(ri, ... ,r,) becomes arssue-by-issugoting rule.

3 Conditional rule nets (CR-nets)

We now move on to the contributions of this paper. In a sedalertting rule, the local
voting rule that is used for a given issue is always the sama¢js, the local votingule
does not depend on the decisions made on earlier issuegfthofucourse, the voters’
preferencegor this issue do depend on those decisions).

However, in many cases, it makes sense to let the local vatileg depend on the
values of preceding issues. For example, let us considén ggasetting in Example 1,
and let us suppose that the caterer is collecting the votésnaking the decision based
on some rule. Suppose the order of votingMks > W. Suppose the main course is



Strategy-proof Voting Rules over Multi-issue Domains wRbstricted Preferences 7

determined to be beef. One would expect that, conditionmigeef being selected, most
voters prefer red winee(g, » >~ p > w). Still, it can happen that even conditioned on
beef being selected, surprisingly, slightly more than tafvoters vote for white wine
(w = p = r), and slightly less than half vote for red & p = w). In this case, the
caterer, who knows that in the general population most peofer red to white given
a meal of beef, may “overrule” the preference for white wineag the slight majority
of the voters, and select red wine anyway. While this may appemewhat snobbish on
the part of the caterer, in fact she may be acting in the béstdst of social welfare if
we take the non-voting agents (who are likely to prefer regigbeef) into account.

In this section, we introduceonditional rule nets (CR-net$d model voting rules
where the local rules depend on the values chosen for eadiges. A CR-net is defined
similarly to a CP-net—the difference is that CPTs are regdday conditional rule tables
(CRTs), which specify a local voting rule oveér; for each issue; and each setting of
the parents ok;.?

Definition 1 An (acyclic)conditional rule net (CR-netM over X is composed of the
following two parts.

1. Adirected acyclic grapty over{x,...,x,}.

2. A set ofconditional rule tablegCRTSs) in which, for any variable; and any
settingd of Parg(x;), there is alocal conditional voting ruleM|.q over D;.

A CR-net encodes a voting rule over &@ltlegal profiles (we recall that we fi® = x; >
.-+ > x, in this paper). For any < i < p, in theith step, the valuég; is determined by
applyingM|x, .4, ...4,_, (the local rule specified by the CR-net for thle issue given that
the earlier issues take the valugs - - d;—1) to P|x,.q4,...4,_, (the profile of preferences
over theith issue, given that the earlier issues take the valyes: d; ). Formally, for
any O-legal profileP, M(P) = (di,...,d,) is defined as followsd; = M|x, (P|x, )
dy = Mlxzidl (P|x2:dl)’ etc. Fina”ydp = M|xp:dl'”dp71(P|xp:dl'”dpfl)'

A CR-net M is separableif there are no edges in the graph 4. That is, the
local voting rule for any issue is independent of the valukealloother issues (which
corresponds to a sequential voting rule).

4 Restricting voters’ preferences

We now consider restrictions on preferences. A restriatiompreferences (for a single
voter) rules out some of the possible preferences(f’). Following the convention
of [11], apreference domaiis a set of all admissible profiles, which represents the re-
stricted preferences of the voters. Usually a preferenoaitois the Cartesian product
of the sets of restricted preferences for individual votéraatural way to restrict pref-
erences in a multi-issue domain is to restrict the preferemn individual issues. For
example, we may decide that- w > p is not a reasonable preference for wine (re-
gardless of the choice of main course), and therefore raleti{assume it away). More
generally, which preferences are considered reasonatd@éissue may depend on the
decisions for the other issues. Hence, in general, for gdoheach settingl; of the is-
sues before issue;, there is a set of “reasonable” (or: possible, admissibiefjgpences
overx;, which we callS|x,.q,. Formally,admissible conditional preference setshich
encode all possible conditional preferences of votersgefieed as follows.

2 ltis not clear how a cyclic CR-net could be useful, so we omfirte acyclic CR-nets.
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Definition 2 Anadmissible conditional preference sebver X is composed of multiple
local conditional preference setdenoted byS|y,.4,, such that for any < i < p and
anyd; € Dy x---x D;_1,S|x,.qa, IS a set of (not necessarily all) linear orders ovey.

Thatis, foranyl < i < pandanyd; € Dy X --- X D;_1, S|x,.4, €ncodes the voter’s
local language over issuegiven the preceding issues taking valdgsin other words,
if S is the admissible conditional preference set for a votemn thie require the voter’s
preferences ovex; givend,; to be inS|x,.q4, -

An admissible conditional preference set restricts theiptes CP-nets, preferences,
and lexicographic preferences. We note that Le Breton amdEd defined a similar
structure, which works specifically for separable votes.

Now we are ready to define the restricted preferences of a vor X'. Let S be
the admissible conditional preference set for the votero#ers admissible vote can be
generated in the following two steps: first, a CP-iéts constructed such that for any
1<i<pandanyd; € D; x ---D;_1, the restriction of\" onx; givend; is chosen
from S|x,.q4,; Second, an extension &f is chosen as the voter's vote. By restricting the
freedom in either of the two steps (or both), we obtain a setsificted preferences for
the voter. Hence, we have the following definitions.

Definition 3 LetS be an admissible conditional preference set over

e CPnet$S) = {N : N is a CP-netovet’, andVivVd; € Dy x---xD;_1,N
S|X'L:di}'

e Pref(S) = {V : V ~ N, N € CPnetsS)}.

e LD(S) = {Lex(N) : N € CPnets$S)}.

That is, CPnetsS) is the set of all CP-nets oveY corresponding to preferences
that are consistent with the admissible conditional pesfee setS. PrefS) is the set
of all linear orders that are consistent with the admissilleditional preference sét
LD(S), which we call thdexicographic preference domaiis the subset of linear orders
in PrefS) that are lexicographic. For any C PrefS), we say that. extendssS if for
any CP-net in CPnef§), there exists at least one linear ordetironsistent with that
CP-net. It follows that. D(S) extendsS; in this case, for any CP-nét in CPnet$S),
there exists exactly one linear orderi) (S) that extendsV. Lexicographic preference
domains are natural extensions of admissible conditiorefepence sets, but they are
also quite restrictive, since any CP-net only has one Igxegohic extension.

We now define a notion of richness for admissible conditigmaference sets. This
notion says that for any issue, given any setting of the eraidsues, each value of the
current issue can be the most-preferred ®ne.

Definition 4 An admissible conditional preference gets rich if for eachl < i < p,
each valuatiord; of the preceding issues, and eache D;, there existd/* € S|y, .q,
such that; is ranked in the top position df*.

xi:di 6

We remark that richness is a natural requirement, and i alvery weak restriction
in the following sense. It only requires that when a voter skeal about her (local)
preferences ovex; givend;, she should have the freedom to at least specify her most

% This isnotthe same richness notion as the one proposed by Le BretoneamavBich applies
to preferences over all alternatives rather than to adbiessonditional preference sets.
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preferred local alternative ifv; at will. We note thaiS|y,.q,| can be as small ;|
(by letting each alternative ifb; be ranked in the top position exactly once), which is in
sharp contrasttil.(D;)| = | D;|! (when all local orders are allowed).

A CR-netM is locally strategy-prooff all its local conditional rules are strategy-
proof over their respective local domains (we recall that bters’ local preferences
must be in the corresponding local conditional prefereete $hat is, for anyl < i <
p,d; € D1 X -+ X D;_1, M|x,.q, IS Strategy-proof ove]'—[;?:1 S;

xi:di-

5 Strategy-proof voting rules in lexicographic preferencedomains

In this section, we present our main theorem, which charizetestrategy-proof voting
rules that satisfy non-imposition, when the voters’ prefees are restricted to lexi-
cographic preference domains. Our main theorem statestloaving: if each voter’s
preferences are restricted to the lexicographic prefereioenain for a rich admissible
conditional preference set, then a voting rule that sasisfien-imposition is strategy-
proof if and only if it is a locally strategy-proof CR-net. Wecall that in this paper,
there are at least two issues with at least two possible s&aeh, and the lexicographic
preference domain for a rich admissible conditional pegiee setS is composed of all
lexicographic extensions of the CP-nets that are constrilfcomsS.

Theorem 1 Under Assumption 1, for any < j < n, supposeS; is a rich admissible
conditional preference set, and votgs preferences are restricted to the lexicographic
preference domain &f;. Then, a voting rule: that satisfies non-imposition is strategy-
proof if and only ifr is a locally strategy-proof CR-net.

Sketch of Proof: The “if” part is easy. The “only if” part is proved by inducticonp
(the number of issues). More precisely, suppose the theloots forp issues. Fop+ 1
issues, let- be a strategy-proof voting rule that satisfies non-impasitiVe first prove
thatr can be decomposed in the following way: there exists a ladalt overD; and
avoting rulerx_,.,, overDsy X --- x D, for eacha; € D1, such that for any profile
P, the first component of(P) is determined by applying; to the projection of? on
x1, and the remaining components are determined by apptying,, to the restriction
of P on the remaining issues givenn = a1, wherea; is the first component of(P)
(just determined by,). Moreover, we prove thay andrx_, .., (forall a; € D,) satisfy
non-imposition and strategy-proofness. Therefore, byrtthection hypothesis, for each
a1 € D1,rx_,.q, IS alocally strategy-proof CR-net ovexr, x - - - x D, 14 . It follows that
r is a locally strategy-proof CR-net ovén x - - - x D1, in which the (unconditional)
rule forx; is r1, and given any;; € D;, the sub-CR-net conditioned o = a; is
TX_1:a1- O

The proofs of all theorems are omitted due to the space @nstAll proofs can be
found in the long version of this paper on the first author'®sve.

It follows from Theorem 1 that any sequential voting ruletisadomposed of locally
strategy-proof voting rules is strategy-proof over legicaphic preference domains, be-
cause a sequential voting rule is a separable CR-net. Syalgifiwvhen the multi-issue
domain is binary (that is, for any < i < p, |D;| = 2), the sequential composition
of majority rules is strategy-proof when the profiles araédegraphic. It is interesting
to view this in the context of previous works on the stratpggefness of sequential
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composition of majority rules: Lacy and Niou [20] and Le RBnetand Sen [11] showed
that the sequential composition of majority rules is stggtproof when the profile is re-
stricted to the set of all separable profiles; on the othedhlaang and Xia [21] showed
that this rule is not strategy-proof when the profile is riet#d to the set of alD-legal
profiles.

The restriction to lexicographic preferences is still limj. Next, we investigate
whether there is any other preference domain for the voterghich the set of strategy-
proof voting rules that satisfy non-imposition is equivdléo the set of all locally
strategy-proof CR-nets. The answer to this question is™B®,shown in the next re-
sult. More precisely, over any preference domain that elg¢@m admissible conditional
preference set, the set of strategy-proof voting rulesfyatig non-imposition and the
set of locally strategy-proof CR-nets satisfying non-irsigion are identicaif and only
if the preference domain is lexicographic.

Theorem 2 Under Assumption 1, for any < j < n, supposeS; is a rich admissible
conditional preference sel,; C Pref(S;), and L; extendsS;. If there existd < j <n
such thatL; is not the lexicographic preference domain®f then there exists a locally
strategy-proof CR-neiM that satisfies non-imposition and is not strategy-proofrove

H?:l Lj.

6 An impossibility theorem

In this section, we present an impossibility theorem faatsigy-proof voting rules when
voters’ preferences are restricted to®degal.

Theorem 3 When the set of alternatives is a multi-issue domain, if eaater can
choose any linear order iflegal(O) to represent her preferences, then there is no
strategy-proof voting rule that satisfies non-impositiexgept a dictatorship.

This impossibility theorem is a variant of the Gibbard-8dttwaite theorem. We em-
phasize that there are at least two issues with at least twsilje values each, and
Legal(O) is much smaller than the set of all linear orders a¥erTherefore, the theo-
rem doesotfollow directly from Gibbard-Satterthwaite. It followsrictly from either
of the two stronger impossibility theorems proved in thé ¥errsion of the paper: one
is for extensions of lexicographic domains, and the othérigxtensions of the “rich”
domains defined by Le Breton and Sen [11]. Due to the spacéragrisand the heavy
technicality and notation of the two impossibility theorgme omit them.

We recall that Lang and Xia [21] showed that a specific segaleriting rule (the se-
quential composition of majority rules) is not strategpgirwhen each voter can choose
any linear order ifLegal(O) to represent her preferences. Theorem 3 is much stronger,
in that it states that over such a preference domain, notdndg the sequential composi-
tion of majority rules fail to be strategy-proof, but in fadt non-dictatorial voting rules
that satisfy non-imposition fail to be strategy-proof; maover, this holds for non-binary
multi-issue domains as well.

7 Conclusion

In settings where a group of agents needs to make a jointidecithe set of alter-
natives often has a multi-issue structure. In this papercharacterized strategy-proof
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voting rules when the voters’ preferences are representadyzlic CP-nets that follow
a common order over issues. We showed that if each voterferpreces are restricted
to a lexicographic preference domain, then a voting rulesfyag non-imposition is
strategy-proof if and only if it is a locally strategy-probR-net. We then proved that if
the profile is allowed to be an§-legal profile, then the only strategy-proof voting rules
satisfying non-imposition are dictatorships.

Our result for lexicographic preferences is quite posjth@vever, beyond that, our
results do not inspire much hope for desirable strategpfprating rules in multi-issue
domains. Of course, it is well known that it is difficult to el strategy-proofness in
voting settings in general, and this does not mean that weldtadbandon voting as a
general method. Similarly, difficulties in obtaining dedite strategy-proof voting rules
in multi-issue domains should not prevent us from studyiotig rules for multi-issue
domains altogether. From a mechanism design perspedtiggegy/-proofness is a very
strong criterion, which corresponds to implementation @méhant strategies. It may
well be the case that rules that are not strategy-proofrssililt in good outcomes in
practice—or, more formally, in (say) Bayes-Nash equilibmi
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